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Abstract: The nonlinear 6-model has known a new interest for it allows to describe the properties of two-dimensional
quantum antiferromagnets which, when properly doped, become superconductors up to a critical temperature notably high
compared to other types of superconducting materials. This model has been conjectured to be equivalent at low temperatures to
the two-dimensional Heisenberg model. In this article we rigorously examine 2d-square lattices composed of classical spins
isotropically coupled between first-nearest neighbors (i.e., showing Heisenberg couplings). A general expression of the
characteristic polynomial associated with the zero-field partition function is established for any lattice size. In the infinite-
lattice limit a numerical study allows to select the dominant term: it is written as a /-series of eigenvalues, each one being
characterized by a unique index / whose origin is explained. Surprisingly the zero-field partition function shows a very simple
exact closed-form expression valid for any temperature. The thermal study of the basic /-term allows to point out crossovers
between /- and (/+1)-terms. Coming from high temperatures where the /=0-term is dominant and going to zero Kelvin, /-eigen-
values showing increasing /-values are more and more selected. At absolute zero / becomes infinite and all the successive
dominant /-eigenvalues become equivalent. As the z-spin correlation is null for positive temperatures but equal to unity (in
absolute value) at absolute zero the critical temperature is absolute zero. Using an analytical method similar to the one
employed for the zero-field partition function we also give an exact expression valid for any temperature for the spin-spin
correlations as well as for the correlation length. In the zero-temperature limit we obtain a diagram of magnetic phases which is
similar to the one derived through a renormalization approach. By taking the low-temperature limit of the correlation length we
obtain the same expressions as the corresponding ones derived through a renormalization process, for each zone of the
magnetic phase diagram, thus bringing for the first time a strong validation to the full exact solution of the model valid for any
temperature.
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Chakravarty et al. [6] have shown that it is necessary to
consider the associated space-time which is composed of the
crystallographic space of dimension d to which a time-like
axis, namely called the i7-axis, is added. The space-like axes
are infinite but the time-like axis has a finite length called the
"slab thickness" which is inversely proportional to the
temperature 7 and hence goes to infinity as 7" goes to zero. As
aresult D =d + 1 is the space-time dimension: here d = 2 and
D =2+1. The nonlinear ¢ -model in 2+1 dimensions has been
conjectured to be equivalent at low temperatures to the two-
dimensional Heisenberg model [11, 12], which in turn can be
derived from the Hubbard model in the large U-limit [13].

1. Introduction

Since the middle of the eighties with the discovery of high-
temperature superconductors [1], the nonlinear ¢ -model has
known a new interest for it allows to describe the properties
of two-dimensional quantum antiferromagnets such as
La,CuO, [2-10]. These antiferromagnets, when properly

doped, become superconductors up to a critical temperature
T, notably high compared to other types of superconducting
materials.

For studying the magnetic properties of such magnets
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In their seminal paper, Chakravarty et al. [6] have studied
this model using the method of one-loop renormalization
group (RG) improved perturbation theory initially developed
by Nelson and Pelkovits [14]. These authors have related the
o -model to the spin-1/2 Heisenberg model by simply
considering [6, 10]:

(i) a nearest-neighbor s = 1/2 antiferromagnetic Heisen-

berg Hamiltonian on a square lattice characterized by a

large ex-change energy;

(i1) very small interplanar couplings and spin anisotropies.

In addition, they have pointed out that the long-wave-
length, low-energy properties are well described by a
mapping to a two-dimensional classical Heisenberg magnet
because all the effects of quantum fluctuations can be
resorbed by means of adapted renormalizations of the cou-
pling constants. A low-temperature diagram of magnetic
phases has been derived. It is characterized by three different
magnetic regimes: the Renormalized Classical Regime
(RCR), the Quantum Critical Regime (QCR) and the
Quantum Disordered Regime (QDR). For each of these
regimes Chakravarty et al. [6] have given a closed-form
expression of the correlation length & exclusively valid near
the critical point T, = 0 K. Finally these authors have shown
that the associated critical exponent is V= 1.

A little bit later Hasenfratz and Niedermayer published a
more detailed low-T expression of & for the RCR case, exclu-
sively [15]. Finally, also using a RG technique, Chubukov et
al. [10] reconsidered the work of Chakravarty et al. [6] by
detailing the static but also the dynamic low-7 magnetic
properties of antiferromagnets. They notably published exact
expressions of & and the magnetic susceptibility ) (restricted
to the case of compensated antiferromagnets), also
exclusively valid near T, = 0 K, for each of the three zones of
the magnetic diagram.

From an experimental point of view, at the end of the
nineties, the first two-dimensional (2d) magnetic compounds
appeared [16-19]. Some of them were composed of sheets of
classical spins (i.e., manganese ions of spin § = 5/2) well
separated from each others by nonmagnetic organic ligands.
These 2d compounds were the first ones whose low-T
magnetic properties were characterized by a quantum
critical regime.

Thus the necessity of fitting experimental susceptibilities
as well as the important theoretical conclusions of the
respective works of Chakravarty et al. [6] and Chubukov et
al. [10] motivated us to focus on the two-dimensional O(3)
model developed on a square lattice composed of classical
spins [20-23].

The mathematical framework common to our first series of
articles was the following one:

(1) we first considered the local exchange Hamiltonian

H . associated with each lattice site (i,j) which is the

carrier of
a classical spin showing Heisenberg (isotropic) couplings
with its first-nearest neighbors; in that case the evaluation of
the zero-field partition function Z,(0) necessitates to expand

each local operator exp(-8 H;, ) on the infinite basis of

spherical harmonics Y;,,;

(i) each harmonics is thus characterized by a couple of
integers (/,m), with / = 0 and mO[—/, +I] and is nothing but
the

eigenfunction of each operator exp(-f H; ); the

corresponding eigenvalue A,(—8J) is the modified Bessel

function of the first kind (77/28J)"1,,,(-fJ) where B =

1/kgT is the Boltzmann factor and J the exchange energy
between consecutive spin neighbors.

As a result the polynomial expansion describing the zero-
field partition function Z,(0) directly appears as a cha-
racteristic /-polynomial, for the considered lattice.

We observed that, for most of the examined compounds
showing a low-T QCR case, when fitting the corresponding
experimental susceptibilities, the characteristic /-polynomial
associated with the theoretical susceptibility Y could be re-
stricted to the dominant term characterized by / = 0, as for
Z,(0), in the physical case of an infinite lattice. In other

words no mathematical study was necessary in spite of the
fact that this assumption gave good results for the involved
exchange energies J i.e., the exact corresponding tabulated
experimental values, with a Landé factor value very close to

the theoretical one G = 2 (in /i unit). However we also

discovered that, for some compounds characterized by the
same low-T quantum critical regime, it was necessary to take
into account the terms / = 0 but also / = 1 (with m = 0) in the
I-expansion of  for obtaining a good fit of experimental sus-
ceptibilities.

Thus, from a theoretical point of view, the condition
leading to choose the term / = 0 exclusively or the terms /=0
and /=1 (m = 0) in the common /-polynomial part shared by
Z,(0) and Xremained a puzzling question. For all the

experimental fits, the lowest possible value reached by
temperature for ensuring a pure two-dimensional magnetic
behavior was T = T5,; when the 3d-magnetic ordering appears.
We then observed that, if restricting the /-expansion of ) to
the term / = 0, we had to fulfil the numerical condition
kgT34/1J] 2 0.255. But, if compelled to consider the terms / =0
and / =1 (m = 0), we had kgT3,/|J] = 0.043. Finally the low-
temperature theoretical diagram of magnetic phases was
restricted to a single phase, the quantum critical regime, in
contradiction with the results derived near 7, = 0 K, from a
renormalization technique which points out three different
magnetic regimes [6, 10].

In order to solve these difficulties a full study of the
characteristic /-polynomial associated with Z,(0) appeared as
unavoidable. This is the aim of the present paper. Even if
starting with the same mathematical considerations common
to the first series of papers previously published and all
restricted to the case | = 0 [20-23] this paper is intended as a
new work because, in section 2 and for the first time, we
establish the complete closed-form expression of the charac-
teristic /-polynomial associated with Z,(0), valid for any
lattice size, any temperature and any .

The examination of the case of a finite lattice is out of the
framework of the present article [24]. Then we exclusively
consider the physical case of an infinite lattice (i.e., the ther-
modynamic limit) in section 2. We numerically show that, if
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studying the angular part of each /-term of the characteristic
l-polynomial, the value m = 0 is selected. In addition we
formally prove that the higher-degree term of the
characteristic /-polynomial giving Z,(0) is such as all the /'s

are equal to a common value /. Surprisingly we then obtain a
very simple closed-form expression for Z,(0), valid for any

temperature and any I.

Finally, in section 2, we report a further thermal numerical
study of the /-higher-degree term. Thus and for the first time,
this study allows to point out a new result i.e., thermal
crossovers between two consecutive /- and (/+1)-eigenvalues.
It means that the characteristic /-polynomial can be reduced
to a single /-term within a given temperature range but, for
the whole temperature range, all the /-eigenvalues must be
kept. That allows to explain that the value / = 0 characterizes
the dominant term for reduced temperatures such as kg7/|J] =
0.255. For 0.255 = kgT/|J] =2 0.043 we have / = 1 and so on.

Finally /-eigenvalues A, (S8 |J |) , with increasing / > 0, are suc-

cessively dominant when temperature is decreasing down to
0 K. In the vicinity of absolute zero the dominant term is
characterized by / — +oo,

As all the /-eigenvalues show a very close low-temperature
behavior we then deal with a continuous spectrum of
eigenvalues, confirming the fact that the critical temperature
is T.= 0 K, in agreement with Mermin-Wagner's theorem
[25].

From a mathematical point of view it means that Z,(0) is
given by a series of continuous functions A,(—BJ), the modi-

fied Bessel functions of the first kind, in the whole range of
temperature so that, even if considering a specific
temperature range inside which the Bessel function is
dominant, no singularity can occur.

In section 3 we analytically show that the spin correlation
is such as <§> =0 for T'> 0 K whereas <§>= =1 for T=0
K, again confirming the fact that 7,= 0 K. Then, for the first
time, in the thermodynamic limit, we obtain the exact closed-
Jorm expression of the spin-spin correlation < S ,.8, ;. >

between any couple of lattice sites (0,0) and (k,k"), valid for
any temperature.

For doing so we first show that all the correlation paths
are confined within a closed domain called the lorrelation
domain"which is a rectangle whose sides are the bonds
linking sites (0,0), (0,k"), (k,k") and (k,0) (theorem 1). Second
we prove that open or closed loops are forbidden so that all
the correlation paths show the same shortest possible length
between any couple of lattice sites. All of them have the same
weight i.e., they are composed of the same number of
horizontal (respectively, vertical) bonds as the horizontal
(respectively, vertical) sides of the correlation domain
(theorem 2). This allows to derive an exact expression of the
correlation length & also valid for any temperature.

In section 4 we examine the low-temperature behavior of
the A(HJ])'s. We retrieve the low-temperature magnetic phase
diagram with 3 regimes. It is strictly similar to the one
derived from a renormalization technique [6,10]. By taking
the low-temperature limit of the correlation length & we
obtain the same expressions as the corresponding ones

derived through a renormalization process, for each zone of
the magnetic phase diagram, thus bringing for the first time a
strong validation to the full exact solution of the model valid
for any temperature. At T, = 0 K we retrieve the critical
exponent V=1, as previously shown [6,10].

Finally, near the critical point, the correlation length & can
be simply expressed owing to the absolute value of the

~~
renormalized spin-spin correlation | <, ,.S,, > | between

first-nearest neighbors i.e., sites (0,0) and (0,1).

Section 5 summarizes our conclusions.

The appendix gives all the detailed demonstrations
necessary for understanding the main text, notably the low-
temperature study of key physical parameters.

2. Exact Expression of the Zero-field
Partition Function of an Infinite
Lattice

2.1. Definitions

The general Hamiltonian describing a lattice characterized
by a square unit cell composed of (2N + 1) sites, each one
being the carrier of a classical spin S, is given by:

N N
H= )" (H+HE), (1)

i==N j=-N

with N - +oo in the case of an infinite lattice on which we
exclusively focus in this article and

Hf’j =S e T 280)S0 2)

HL“}?g =-G. .S*.B ?3)

L] 7L

where:
Gw,: G ifi+jis even or null,

G, = G'ifi+]is odd. @)

In equation (2) J, and J, refer to the exchange interaction
between first-nearest neighbors belonging to the horizontal
lines and vertical rows of the lattice, respectively. J,> 0 (res-

pectively, J, <0, with i = 1, 2) denotes an antiferromagnetic
(respectively, ferromagnetic) coupling. G;; is the Landé fac-
tor characterizing each spin S;; and expressed in (/7 unit.

Finally we consider that the classical spins §;; are unit
vectors so that the exchange energy JS(S + 1) OJS” is written
J. It means that we do not take into account the number of
spin components in the normalization of §; /s so that §2=1.

When Hf’;g =0 the zero-field partition function Zy(0) is

defined as:
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N N N N
2y =11 Jdsisexe| -8 3 5|5

i==N j==N i==N j=—N

where = 1/kgT is the Boltzmann factor. In other words the
zero-field partition function Zy(0) is simply obtained by

integrating the operator exp(-BH) over all the angular va-

riables characterizing the states of all the classical spins be-
longing to the lattice.

2.2. Preliminaries

Due to the presence of classical spin momenta, all the
operators H;, commute and the exponential factor appearing

in the 1ntegrand of equation (5) can be written:

|‘| |‘| exp(-BHE) - (6)

i=—=N j=—N

exp| =8 z H

i==N j==-N

As a result, the particular nature of H;”; given by equation

(2) allows one to separate the contrlbutlons corresponding to
the exchange between first-nearest neighbor classical spins.
In fact, for each of the four contributions (one per bond
connected to the site (i) carrying the spin §;;), we have to
expand a term such as exp (-4S,.S,) where 4 is A/, or A/,
(the classical spins §; and S, being considered as unit
vectors). If we call ©,, the angle between vectors S; and S5,
characterized by the couples of angular variables (&, ¢1) and
(6, 9,), it is possible to expand the operator exp(—A4cosO )
on the infinite basis of spherical harmonics which are
eigenfunctions of the angular part of the Laplacian operator
on the sphere of unit radius $*:

exp(—AcosO 4772 (ZA) s —A)X

1=0
+/

X1, (8)%,.(8.). ©

m=—/

In the previous equation the (7724)"*I;,15(-A)'s are modified
Bessel functions of the first kind; §; and S, symbolically
represent the couples (&), ¢,) and (&, @,). If we set:

1/2
A(-Bj) = (2’” Lup(=Bji).j=Jiotd, (8

each operator exp(—ﬁHfj) is finally expanded on the infinite

basis of eigenfunctions (the spherical harmonics), whereas
the A/s are nothing but the associated eigenvalues. Under
these conditions, the zero-field partition function Zp(0) di-
rectly appears as a characteristic polynomial.

In the case of an infinite lattice edge effects are negligible
so that it is equivalent to consider a lattice wrapped on a torus
characterized by two infinite radii of curvature. Horizontal
lines i = =N and i = N on the one hand and vertical lines j =

—N and j = N on the other one are confused so that there are
(2N)? sites and 2(2N)” bonds, with N — +oo. As a result Zy(0)

can be written as:
) N N +00 +00
— SN
z(0)=am™ [] ] 3 3
IV J= (N gy =017,

+hi,j +Y
x> Fo A GBI (RS O)
mi ==l M=

T(i »= J'dsl. Py, S Y,

i j-15MM 1 (Si>j) X
S Y (S,)

” m, (10)
where %;; is the current integral per site (i) (with one
spherical harmonics per bond).

Using the following decomposition of any product of two
spherical harmonics appearing in the integrand of &, [26]

[+l +1 12
< (21 +1)(2L, +1)
Y, (8)Y,,, (8)= {—}
Z L:;zz MZL maLl)

Lo LM
XCI, 01 ocz, m 1, mZYLM(S)

(11

where Cl]: ,::3 L my is a Clebsch-Gordan (C. G.) coefficient and

the orthogonality relation of spherical harmonics %, can be
expressed as the following C. G. series

£, =-=[ @1, +DL,, +12, +0er, +)] X
ar ’ ’ i '

L 1 +Li,j 0
: ) RCELR
2L +1 liv1j 0 b ja O
L. .=L ij M. .=-L. .
i L] L]
L. M, L L, M, ;
x C, co c 12
l,+1,/ My li,/’—] m; j— l:,/ 0 li,/‘ 0 l:,/ i.j lt/ :,/ ( )
. L M,
The C. G. coefficients G and

VRV ARR VAR V]
L:.j M,,»,‘

. .
l:+1.j My j l:.j—] m; jq

(with M; ;# 0 or M;;= 0) do not vanish if

the triangular inequalities |/;; — /)| < L;; < [;; + I%; and [/
—liq| £ L ; < 'y + 1o are fulfilled, respectlvely As a
result, we must have L.= max(|/'+1,; — [%;]) and

Ly =min(l'syj+ lijo, i+ 1))

li,/’—lla |li,j -

2.3. Principles of Construction of the Characteristic Poly-
nomial Associated with the Zero-field Partition
Function

The zero-field partition function given by equation (9) can
be rewritten under the general form

a=am™ 1T % 2
V) WD =g 1,70
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+i +'j
x> w, s, (T) (13)
mi j==l; m', j==li,j
with:
uli’j,/',',j [T) = T(‘i,j)A/,',j (_ﬁJI )/1/',',/' (_IBJZ) . (14)

The examination of equation (13) giving the polynomial
expansion of Zy(0) allows one to say that its writing is
nothing but that one derived from the formalism of the
transfer-matrix technique. Each current term appears as a
product of two subterms:

(i) a temperature-dependent radial factor containing a pro-
duct of the various eigenvalues A=), j = J; or J,, of the full
lattice operator exp(-S8H ) (with one eigenvalue per bond);

(ii) an angular factor containing a product of integrals

composed of spherical harmonics (the eigenfunctions)
describing all the spin states of all the lattice sites (with one
integral per site).

Equation (13) can also be artificially shared into two parts
labelled Part T and Part II of respective zero-field partition

functions Zj (0) and Z}} (0) so that the zero-field partition
function Z,(0) can be written as

mi j

Zy (0)=Z () +Zy (0) , s
with
2L =4S T nE & e
N T ;,:m—n ‘/:U_l) Zz_[ m;_[ “1,1( )

N N +00 +00

z80)=@m*™ |‘N| |'J 3 Y x
ISV SN ] =01 =0,

LAl

u, (1) (16)

- e
m; ;= l‘».jm‘.j— l‘».j

where u, (T) is given by equation (14). As a result Part I

2
contains the general term [ff([,j))ll (=B8J,) A (—ﬁJz)J(ZN)
i.e., all the bonds are characterized by the same integer / but
we can have a set of different relative integers m; [[—/,+]]
and m';;,0[=1,+ [] with m;; = m';; or m;; # m'; ;. Part 1l appears
as a product of ‘cluster" terms such as

[, )A (=B7) A (=82,) " with ne < (2N) and the
condition n, + n, +... + n, = (2N)2. Thus, only n, bonds are
characterized by the same integers /, /', and a collection of
different relative integers m;,U[—l,+] and m';;0[=1',+'],
with m;; =m';; or m;; # m'; ;.

2.4. General Selection Rules for the Whole Lattice

The non-vanishing condition of each current integral %,
due to that of C. G. coefficients allows one to derive two
types of universal selection rules which are temperature-
independent.

The first selection rule concerns the coefficients m and m'
appearing in equation (12). We have (2N) equations (one per
lattice site) such as:

m; -y + m‘,—.;.l’j* mi;;— m',-J =0. (SRm)

(17)

At this step we must note that, if each spherical harmonics
Y, (8)=Y,, (8,9 appearing in the integrand of & is

replaced by its own definition ie., C" exp(im@)P" (cos 6)
where C" is a constant depending on coefficients / and m

[26] and P"(cos®) is the associated Legendre polynomial,

the non-vanishing condition of the @-part directly leads to
equation (17). As a result, we can make two remarks: the
SRm relation is unique; due to the fact that the ¢-part of the
T j-integrand is null, F;; is a pure real number.

The second selection rule is derived from the fact that the
various coefficients / and [' appearing in equation (12) obey
triangular inequalities as noted after this equation [24]. If M;;
# 0 the determination of /;/s and /s is exclusively
numerical. If M;; = 0 we have a more restrictive vanishing
condition [26]:

C]ll300]20 =0,if [ +L+L=2g+1,

Cod o =(=DEB 2L +1 K il + 15+ 15=2g, (18)

where K is a coefficient depending on /;, [, /s and g [26]. In
equation (12) Cf’jfool,_ ~ does not vanish if [; + I';+ L;; =

2A4;;2 0 whereas, for C by 0

’
I, 0 1 0> WE MuSt have ;- + '+

i
L;j=2A4";2 0. Thus, if summing or substracting the two

previous equations over / and /', we have (2N)* equations
(one per lattice site) such as:

Lijor i j+ L+ 1= 235, (SRIT)

iy T Uiy = Ly = 1y = 28", (SRI2) (19)
(Or equiValently lt,/+ l’iJ_ li,j—l - Z'H.IJZ Zg"iJa with g"i,/: - g‘i,j)
where g';; or g";; is a relative integer. We obtain two types of
equations which are similar to equation (17) but now, in
equation (19), instead of having a null right member like in
equation (17), we can have a positive, null or negative but
always even second member.

2.5. Zero-field Partition Function in the Thermodynamic
Limit

The case of thermodynamic limit (N — +o0) is less
restrictive than that of a finite lattice studied in previous
articles [24] because we deal with a purely numerical
problem. For simplifying the discussion when necessary we
shall restrict the study to the case J = J; = J, without loss of
generality. If not specified we shall refer to the general case
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Ji £ .

As previously explained in Subsec. 2.3 the characteristic
polynomial associated with Z,(0) for N finite or infinite is
composed of two parts: Part I of current term

[q?(i’j)/],(—,BJI)/II(—,BJ2 )J(ZN)Z and Part II whose current

term is a product of "cluster" terms

[, )4 (=B82) A (=B2,)]" . with n, < (N and

an =(2N )2 , so that, in both cases, the numerical study
k

concerns the common term #; »A (—ﬁJl)A,.(—ﬁJz) with /

=[orl #[. The m's and I's (respectively the m''s and [' 's)
appearing in % (cf equation (12)) can vary or not from one
site to another site.

5.0

4.0

3.0

F@.1,m){F(0,0,0)

Figure 1. Numerical study of the ratio F(I, I, m)/F(0, 0, 0) vs [ for various
values of m (F(I, I, m) is given by equation (20) and F(0, 0, 0) = 1/47).

F(L,1,m)/ 1(0,0,0)

0 5 10 15 20

F(1,1,0)/F(0,0,0)

Figure 3. Numerical study of the ratio F(l;, I, 0)/F(0, 0, 0) for various
values of [, <1;.

(i) First let us consider the case of the m's. We have to
solve

a linear system of (2N)* equations (17) (one per site) but
with 2(2N)* unknowns m; ; and m';;. As it remains 2(2N)?
- (2N)* = (2N)* independent solutions over the set Z of
relative integers m;; and m';; (with here N — +o0) it means
that there are (2NY* different expressions (i.e., here an
infinity) for each local angular factor appearing in each term
of the characteristic polynomial giving Z(0) so that the
statistical problem remains unsolved. Thus, at first sight, this
result means that there is no unique expression for Z(0).

In summary there are only (2N)* independent solutions i.e.,
(2N)* different sets of coefficients (m; Jj»-M';j) obeying equation
(17). The simplest solution is given by the condition [m;,| =
[m';;| 2 0 or m;; = m';; = 0, for the whole lattice.

(i1) The study of /'s is strictly similar to that of m's because

we have to solve a linear system of (2N)* equations (19)
(one per site) with 2(2N)* unknowns /; ; and [';;. We have
(2N)? independent solutions over the set N of integers /; ;and
[';; and the particular solution /;; =1';; # 0 or [;; = I';; = 0, for
the whole lattice.

In other words, when N — +oo, a separate numerical study
of integrals #;; must allow one to select a unique m-value so
that ;; is maximum. First we restrict the set of integers /; ,
Ly, iy and ['y,; appearing in the integrand of % to two
different integers /; and /. In that case, if setting
T,y =FU,1,m) with[;=1;20or [; 2 [;, we have

1

) (2L +1)21, +1)
Fijy = F(l,1;,m) B — X
1.+,

~— 1
|

Lo L 2m T
L30~1|

Lo 1, 0% mim (20)

In the infinite-lattice limit we expect that the highest
eigenvalue must naturally arise in Part I of current
term

[ 4 (=B9:) A (-8,)]%" . 1t using equation (14) with

li,j = l'i,/: la let Umax = T(i,j)AL(_BJl)AL(_BJZ) (Where L= lmax) be
this contribution. We make the assumption that it dominates
all the other terms inside Part I as well as all the ones
composing Part II defined by equations (15) and (16) [24].
This can occur in the whole temperature range or in a smaller
temperature one if there exist thermal crossover phenomena
among the set of eigenvalues.

In that case the dominant eigenvalue A(=3/;) = A(=Ji/ksgT)
over a temperature range becomes subdominant when the
temperature 7 is outside this range and a new eigenvalue
previously subdominant becomes dominant and so on. In the
case of 1d spin chains, we always have the same highest
eigenvalue (within the framework described previously).

In this respect we have first studied the integral #;; =
F(l;,l,m) given by equation (20) with /; = /;= [ = 0. In Figure
1 we have reported the ratio F(I,[,m)/F(0,0,0) vs [ for various
m-values such as [ml[K/[ (with F(0,0,0) = 1/47). We
immediately observe that this ratio rapidly decreases for
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increasing [yn[Fvalues, for any /. However, we have zoomed
the beginning of each curve corresponding to the case L[

[. This trend is not followed but we always have F(/,[,m) <
F(1,1,0) (see Figure 2). Second, in Figure 3, for m =0, we
observe that F(/;/;,0) decreases for /;</;. As a result, when N
— +oo, the integral F(/,/,0) obtained if /= [; = [, appears as
the dominant one i.e.,

](ZN)2 ] li:

@1

so that the value m = 0 is selected. In addition this result
shows that it is not necessary to consider 4 different integers
l;;and [';; in the integral F(/;,[,m).

[F(1,1,0) e

>> [F(l,l,m)](ZN)2 >> [F(li,lj,m)

IZ lj,aSN—> +00’

Ioglo(r’_l/rr)
0.25 _
0.00 ~—]
025 3 i
10 d
ASY
-0.50 : ' :
000 0.05 010 015 020 025 030

k TITIS(S+1)

Figure 4. Thermal variations of logo(ri+1/1)) for various values of | where
the ratio ry./r; is defined by equation (24).
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Figure 5. Zoom of the plot allowing to have a better insight of the crossover
phenomena between various I-regimes.
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Figure 6. Plot of the crossover temperature Tco vs L.

For sake of simplicity we now restrict to the case J = J; =

J,. Under these conditions equation (13) can be rewritten in
the thermodynamic limit:

2y =™ Y [Furon (87|
+|(‘|) m) 2'27(@,5,0)4’ (-BJ)A, (-BJ) | as N

1;=0

— +00,

(22)

+00 +00

The notation z z means that /; and /; are chosen so that
;=0 [_/:0
the corresponding current second-rank term cannot give back
the first-rank one in which /; = [;= 1.
As a result and from a mathematical point of view it means
that Z,(0) is given by a series of continuous functions

A (=BJ), the modified Bessel functions of the first kind, in

the whole range of temperature so that, even if considering a
specific temperature range inside which the Bessel function
is dominant, no singularity can occur.

In a first step we must wonder if all the current terms of
the previous /-series must be kept in the first term of equation
(22) i.e., if the series must be truncated, for a given range of
temperature [ 7, _,7, . ]. As aresult, for any TU[ 7, _, T, . ], we

define the dominant term
Unax = FL,L/]L (_B‘])2 5 FL,L: F(L,L,O), L= lmax (23)

where F; ;= F(L,L,0) is given by equation (10) reduced to m
=m'=0 as well as the following ratio:

2

h - F;+1,l+1 (Alﬂ (_BJ)j , J:JI :JZ- (24)
h F, LA (-8J)

We have studied the thermal behavior of r./r; for various
finite /-values. This work is reported in Figure 4. We observe
that logo(71/r;) shows a decreasing linear behavior with
respect to kg7/[U[] We have zoomed Figure 4 in the very
low-temperature domain (Figure 5). If r1/r; < 1 logo(rp1/7))
< 0 and log;o(r1/r;) > 0 if ri/r; > 1. We can then point out a
succession of crossovers, each crossover being characterized
by a specific temperature called crossover temperature Tco.
Tco is the solution of the equation:

7(Tco) = ri(Teo) (25)
i.e., owing to equation (24):
1/2
o/ tateo) [ 1, oo
A[ (|J| / kBTco) F}H,Hl

For instance, for the reduced temperatures such as kg7/|J|=
0.255, the value / = 0 is dominant i.e., Ao(—=f/) represents the
dominant term of the characteristic polynomial. All the other
terms A(—£/) with [ > 0 are subdominant. When 0.255 =
kT/|J] =2 0.043 [ = 1 is dominant so that A;(-4J) is now the
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dominant term of the characteristic polynomial whereas
Ao(=4J) has become the subdominant one as well as all the
other terms A(—4J) with [ Z 1 etc... In that case the crossover
temperature corresponding to the transition between the re-
gimes respectively characterized by / =0 and / =1 is labelled
TCOO1 . We have reported kgTco/[J] vs [ in Figure 6.

As expected we observe that 7o rapidly decreases when /
increases. It means that, when the temperature tends to
absolute zero, it appears a succession of closer and closer
crossovers so that all the /-eigenvalues, characterized by an
increasing /-value, successively play a role. But, when 7= 0
K, all these eigenvalues intervene due to the fact that the
crossover temperatures are closer and closer. The discret
eigenvalue spectrum tends to a continuum. As a result we can
say that 7= 0 K plays the role of critical temperature T.. This
aspect will be more detailed later.

How interpreting this phenomena? In the 1d-case (infinite
spin chain) we always have Ay(—/) as dominant eigenvalue
in the whole range of temperature, the current integral F
being always equal to unity. In the 2d-case the situation is
more complicated. The appearance of successive
predominant eigenvalues is due to the presence of integrals
Fi; # 1, for any [ > 0. A numerical fit shows that the ratio
Fy/F, increases with / according to a logarithmic law, more
rapidly than the ratio |A(—B))/A(—R)] which decreases
when / increases for a given temperature. The particular case
| - +oo will be examined in a forthcoming section.

Now, if taking into account the previous study, equation
(22) can be rewritten as:

2y (0) = @™ [u,, (O] {1+ S,V 1)+ 8,V 1)} 0]
7,.70] en

where u,.x is given by equation (23) with /.«

Il
=~

Il
=~

Il
~
©
=
o,

+00 (T) 4N
S(n,T)= { s } ;
1=0.1#1 Upnax (T)
ol il o Uy T )
S,(N,T)= WAL (28)
: f=—|(7V|—l)/=—(|_|N—l)[iZo ‘/’Z‘l W (T)
1j#l;
As the ratios |u; ; (T)/uy,, | and \u,ﬂ,/ (T) thpax | 5 1 2 L

(where u, , (T') and u, , (T) are given by equation (14)) are

positive and lower than unity S;(N,7) and S,(NV,T) are
absolutely convergent series.

In Appendix A.1 we have studied Zy(0) in the ther-
modynamic limit (N - +o0), for temperatures 7 > 0 K, in the
whole range [0+€,+0o[, with € << 1. We show that, for a given
range [7, ., T, ], SIN,T) >> Sy(N,T) (¢f equation (A.6)) so
that for any 7

(1) 1+S1(N,T) >> S»(N,T) i.e., owing to equations (15) and

(16) z},(0) >> 7z (0) and Zy(0) O z;,(0) if N - +oo, as
conjectured after equation (20);

(i1) Sy(N,D)+Sy(N,T) - 0 (cf equation (A.5)) i.e. Zy(0) O

710y DAY 2N

max >

with L= [,,.,= [ in equation (27).
As the reasoning is valid for any [7, _, T, .] we finally have

in the general case J; # J,

2~ 4N?
2y =@ Y [F A (~BR)A(-B2)] cash
1=0
~ +o0, (29)

+oo
In the previous equation the special notation z " recalls
1=0
that the summation can be truncated due to the fact that each
eigenvalue A, (-BJ,) is exclusively dominant within the
range [T, .7, . ]. But, if considering the whole temperature

range all the /-eigenvalues must be kept.

We must also note that, if dealing with a distribution of
constant exchange energies J; and J, characterizing the
horizontal and vertical lattice bonds, respectively, the infinite
lattice can be described by the translation of these bonds
along the horizontal and vertical axes of the lattice in the
crystallographic space. As a result, if using a similar
reasoning as the one used for expressing Z,(0), we can define
a zero-field partition function per lattice site symbolically

written z, (0) = Z) (0)1/41\/2 with

+00

2y (0) = (402> Fy A (B4) A (B ])» as N = +eo. (30

1=0

3. Spin Correlations and Correlation
Length

3.1. Definitions

We first define the spin-spin correlation
1
<S8, St iup >=—jds_N v x...xjds,. S, X%
5] iR ZN (0) , ST

xj ASisr jrkSivk jrrr XX

N N
xdeN,Nexp[—ﬂ >y Hﬁ}} 31)

i==(N-1) j==(N-1)

In the thermodynamic limit (N — +o0) Zy(0) 0Z1, (0) (cf
equation (29)). As a result the characteristic polynomial
giving the numerator of <S8, Sivk k> is derived from
Z]{, (0) iIl Whlch li,/:l’i,j: l, mi’/:m'iJ: 0

The zero-field spin correlation <, >, with u = (i) or
(i+kj+k") can be obtained from equation (31) by replacing
Sitk e Or S;; by unity. As we deal with isotropic (Heisenberg)
couplings, we have the following properties for the site u =
(i) or (itkj+k"):
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v v
<S i,jRi+k /+k <S S1+k’j+k' >, V=X,y0rz,

1

<S§) >= ﬁ <SS, >, u=(,))or (ithkj+ k') . 32)

The correlation function [ is:

<s Sl+k Jtk' > <s i < sz+k jHk! > (33)

rk,kv =

if (i) is the site of reference. In this article we choose (0,0).
In addition, due to the isotropic nature of couplings, we have

M =T /3,v=

The general definition of the correlation length is:

DN T AT

£=| kK

2.2 M

kK

X,y or z.

(34

Along a horizontal lattice line k¥ = 0 (x-crystallographic
axis of the lattice) &= & (respectively, &' =0 and {= ¢, for a
vertical lattice row, y-crystallographic axis of the lattice).

Using the general definition of the spin-spin correlation
given by equation (31) and expanding the exponential part of
the integrand on the infinite basis of spherical harmonics (cf’
equation (7)), we can write:

<S80 ><Sgp>

<S850-Skk > ZN(O) i= —|(_/\l—1)/ —|(—A!—1)1‘

)81\’2

J ‘/
Cos ei,jY/,’j,m

with here m;; =

0 and m',«’,» =

li; +1

) .(Si,j) =C Y +m, .(Si,j) + C].j—1Y], —Lm, (S.j)
J ij i i, i ij ij o b

J(zl,, +1)(2; +3)

In the particular case / ;=0 which occurs at the

beginning of each /-series expansion, we have ¢, =1/+/3 and
C_, =0. For the calculation of the spin correlation this trans-
form can be equivalently applied to each of the four spherical
harmonics appearing in F'ip) given by equation (36). For
instance, if wishing to calculate <.S; ; >, we directly apply

equation (37) to Y:_O(Sij):Yl 0(S;;) - As a result '
ij° ’ ij? > ’

can be written as:

(F'(ivj) = Cll"j +1 Cli’j_l‘fli,j’li,j -1 (39)

b jdi, i+ +
with:

flw b ve = sti,le',w 0 (Si,j )Yli,j—l 0 (Si,j )%

Z Foph, (ZBL) Ay, (<BL) (39
i
where ¥, is the following current integral
TV([J) = J‘dsi’jX[JYl'Hl J° :+1 J ( l’J) ll j—l’ i,j-1 (Sl’]) x
<Y, (S )Y}'i’j,m'i’j (S:,) (36)

for any site (7,j) (and a similar expression for site (i+k,j+k")).
When X; ; =1, T'(i,j) =T, 5 (cf equation (10)). Thus, if
calculating < Sg, > (or <S; ;. >) we have a single integral
T'(O,O) (or q:'(k,k‘)) containing S = Xo0= coséy(or S ;.
= X tx = cosé) whereas for <Sg,.5; ;> we have two
integrals T'(O,O) and F '(k, k) in the product of integrals ap-

pearing in equation (35).

3.2. Calculation of the Spin Correlation < S; >
Consequences

In this subsection we wish to calculate the numerator of
the spin correlation < S; > . It is given by equations (35) and
(36) in which we have X, , =1 except at the current site u

= (i) or u = (i+k,j+k'") where we use the following recursion
relation:

0 for any site (i,f), in the thermodynamic limit (N — +c0). Then C, ,, and C, _, reduce to

(37)
, C by (38)
W 2k, +haek, )
x)/}[j+€,0(si,j))/}'. 0(8: ), e==1, (40)
P i,j

with [y, = [ = [;; = I'i; = [. We immediately retrieve the
calculation of integrals appearing in that of the zero-field
partition function. As a result, if using the expansion of any
product of two spherical harmonics given by equation (11)
and their orthogonality condition in h we can readily

= Jive 1€

ol re?

write ﬁ,,,»h,’ff

QI+ (1 +£)+1)? y
4

Jigee =

min(2/,21+€)
X

1 L0 L0 2
m[cz 010CHe 01 0} ,E==L (41

L=1

The non-vanishing condition of the current integral f; .,
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which is due to that of the involved C. G. coefficients allows
one to write down a universal temperature-independent
selection rule concerning integers / (cf equation (19)). We

now have Cl,.,,#0 (with &= +1) and C, , 0 if

I+6 010
respectively:
21+ e+ L=2g,2]+L=2g" (42)
Wing Domain Site (i+kyj+k")

:-Irl-\M-/: | I N I B |
N +_ - i
i 1\ . - _

. *r4\— Casel = -
/,l 1ol icase N I
ENEpS Correlation Correlation —» Case3

Domain Paths

Figure 7. Correlation paths (thick lines) along the frontier between the
correlation and the wing domains (cases 1 and 2); for a given path all the
bonds are characterized by I+1 or I-1; the other bonds not involved in the
correlation path (thin lines) are characterized by I. In case 3 we give
examples of correlation paths inside the correlation domain. All these paths
show the shortest possible length through the lattice bonds between sites (i,j)
and (i+k,j+k') and are equivalent i.e., they have the same weight.

Reporting the L-value derived from the first equation i.e.,
L=2g — (2] +¢) in the second one, we have 2g —&£=2g". The
unique solution is £= 0 which is impossible in the present

case because £= %1, exclusively. As a result ch?

1+¢ 0 10 and

CILOOI o do not vanish simultaneously but their product is
always null. We immediately derive f; ., =0 (¢ = £1) and
T(i,j): 0 so that < S, >=#*1for T=0K,<S;; >=0 for T

> ( K and consequently

< Sk,k' >= 0, rk’kv =< SO,O'Sk,k' >, T>0K. (43)
This result rigorously proves that the critical temperature is
absolute zero i.e., T,= 0 K.

3.3. Spin-spin Correlation Between Any Couple of Lattice
Sites

In the thermodynamic limit (N — +o) on which we
exclusively focus, we are going to show that the spin-spin
correlations can be derived from Z (0). Notably the
numerator show the same l-polynomial structure as Z,(0)
which appears at the denominator. We have my = m' = 0,
for any lattice site.

It means that, as for Z,(0), there also exist thermal
crossovers between the new l-eigenvalues of the numerator.
Their respective thermal domains of predominance are not
necessary the same ones as those of eigenvalues appearing in

Z,(0).

The z-z spin-spin correlation <Sg,.S;; > is given by
equations (31) and (35). We restrict the following study to &
>0 and &' > 0, without loss of generality. Due to the presence
of cosé and cosf, appearing in the integrals F ) and
T’ ry Which characterize the spin orientations at sites (0,0)
and (k,k') we have to reconsider a new integration process.
This process is similar to that one used for calculating Z)(0).
It can be mainly carried out through two methods:

(i) integrating simultaneously over all the sites from the

four lattice lines i = N, i = =(N-1), j =N and j=—(N-1)

in the direction of the lattice heart;

(ii) integrating from horizontal line i = =(N-1) to i = N

between vertical lines j = —=(N—1) and j = N (lines i or j = N
and i or j = —N being confused on the torus, respectively) or
vice versa.

It is useful to combine both methods. In a first step we
choose method (i). In the dominant /-term the integrals %
involving sites located far from correlated sites (0,0) and
(k,k') are characterized by a collection of integers /'y ; = [;;-
=[l;; = I';; = | for reasons explained in Subsec. 2.5. This part
of the lattice constitutes the wing domain. When reaching the
horizontal lattice lines i = 0 and & and the vertical ones j = 0
and &' whose respective intersections two by two are sites
(0,0), (0", (k,k") and (k,0) a special care must be brought.
The inner domain defined by these two couples of lines is the
correlation domain (see Figure 7).

A consequence of method (i) is that all the bonds located
outside the correlation domain (or out-bonds) are character-
ized by the integer /, notably all the bonds linked to the
frontier of the correlation domain. All the previous results are
summarized in the following theorem:

Theorem 1 (confinement theorem)

In the thermodynamic limit, for calculating the numerator

of the spin-spin correlation < S§,.S; ;. >, it is necessary to

take into account two domains: a correlation domain which
is a rectangle of vertices (0,0), (0,k"), (k,k") and (k,0) within
which all the correlation paths are confined, and a remaining
domain called wing domain. In both domains, for an infinite
lattice, we have m = 0. All the bonds of the wing domain are
characterized by the same integer I, including the bonds
linked to the correlation domain.

In a second step we use the integration method (ii) i.e., line
by line. The decomposition law given by equation (37) only
intervenes at the correlated sites (0,0) and (k,k") for which we
have ly_y = l'op= 1 and I = L p= I, respectively, due to the
integration in the wing domain. The corresponding integrals
characterizing these sites are % (g and ¥4, given by
equations (36), (39) and (40). The other integrals describing
the spin states of the current sites (i,f) involved in the integra-
tion process inside the correlation domain are %;;-like given
by equation (10) except for sites belonging to the correlation
path.

First let us consider for instance site (0,0). The integrand
of integral g given by equation (36) is

2
cos 6 g [Yz,o(So,o)] X ¥, 0(S00)Y, 0(So0) as log and Iy o

characterize bonds of the correlation domain not yet
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examined through the integration process. The
decomposition law can be applied to the spherical harmonics
Y,0(S00) > Yy, 0(800) or Yy o(Soo) - The integrand of

F 0.0) Y, 0(S80,0) 410 (SO,O)YIOWO,O (80,0)%
. 2
Y[,LO 0(So0) (integrand 1), [Yl,o (So.0 )J Ylo,()ﬂ»o (8p0)%

. 2
¥ 00(So0) (integrand 2) or [Yl,o (SO,O):| Y, .0(800)%
Y} 410(80,) (integrand 3), respectively. We immediately

becomes

retrieve the calculation of integrals appearing in that of the
zero-field partition function. We express the products of pairs
of spherical harmonics as C. G. series (cf equation (11)). For
instance, if examining integrand 1, we can use the following
combinations

1+ 1/2

¢ [l +

Y,0(S0.0)Yr,,0(S00) = [— x
10 L:‘l—lvlvo‘ 477‘(2[4 + 1)

2
L0
X0 | TS0,

Y 0(S80,0)Y21,0(S00) = '
L':‘lo.o —(lil)‘ 4m(2L'+1)

L' 0

2
X[CIO,O 0 11 o} Y0(So0) - (44)

Introducing these C. G. series in integral & () given by
equation (36) and using the orthogonality condition of
spherical harmonics leads to L = L' i.e., notably L. = L'< and
L. = L'.. Recalling that the characteristic polynomial

associated with the numerator of <Sg,.S;, > is derived
from Z,(0) 073 (0) where I'u; = [
site (i,7) the unique solutions are lop= [ 1, I'\y= [ (case 1)
and lop= 1, I''g= [ %1 (case 2). All the other combinations
between pairs of spherical harmonics lead to the same couple
of solutions /oy and ['\y, for integrand 1 but also for
integrands 2 and 3. From a mathematical point of view it also
means that, for case 1 or 2, there are only two channels of
integration leading to: if | > 0 a path beginning with a bond
such as lop=1+1 and another one with lyy=1-1 (case 1) or
a path with I'y =1 +1 and another one with I'\ o= 1 -1 (case
2).

In the particular case where / =0, we only have /o= 1, I';o
=0 (case 1) or lyy=0, ' o=1 (case 2).

(i) Case 1 (see Figure 7)

We apply the decomposition law to the spherical har-
monics ¥, 4(S ) (integrand 1). We choose /' o= /. Integral

=1l;;=1; = [ for any

% (0,0 glven by equation (39) can be written as

Foo = Crnfiyyant * Crmi Sy i1 5 (45)

where C,,,is defined by equation (38) and with:

loo+ixl |:(210Y0 +1)(2(l il) +1) :|1/2 s

2
Jioodve = Idso,o |:Y[,0 (So,o)] Y, 0008000 Y160 (S,0) € = £1. (46)
As just seen the non-vanishing condition of integral

Siy 0+ 1Mposes o= 1+ €, € =+1. Thus all the bonds linked

to (0,0) are characterized by the integer / whereas the unique
bond of the correlation domain (or in-bond) is characterized
by lpo=1+ 1. We have

+ — —
F'0.0) = Crarfrargn Y Cra Sy Loy =1+1

iy " (47)
F'0.0) = Crafiam YCafiamrs Ly =1-1,
with
12
QI+D[@U+e)+DQ2(I+£)+1)
fl+£',l+£ = ATT X
L ! 5
L0 Lo .
X 2L+1[C1010C/+s'01+so] ,e==xl, &' =21, (48)
1=0

and L. = min(2/, 2/ + €+¢"). In the previous equation
¢t , #0if2/+L=2gand C.° 20 if 2/ +e+€

+£' 0 [+£ 0
+ L = 2g". Thus the product of C.G.'s does not vanish if € + €'
=2(g'—-g)ie.,et+e =22 (e=¢€=4%l),g'—g=tlande+¢
=0(e=-¢=%l),g'=g.

As a result the corresponding contribution of site (0,0) to
the numerator of <Sj,.5; 4 > is (F'E"O,O) A (—,B’Jl) where

At (-BJ;) and F7 ) are respectively given by equations

(8) and (45)-(48). In other words, in case 1, the beginning of
the correlation path is constituted by the bond between sites
(0,0) and (0,1) characterized by /,o=1/+1 (/> 0).

Now we consider the other sites of line i = 0 i.e., sites (0,1)
to (0,k"). At site (0,1) there is no decomposition law. We have
I, =1£1 due to integration at site (0,0) and /'y, =/ due to

integration in the wing domain. As a result, if examining
integral ;) given by equation (10), the integrand is nothing
but ¥, ,(S0,)%,,0(S0.)Y,0(80,1) Y210 (So,1) -

As seen after equation (44) all the decompositions of
products of spherical harmonics pairs as C.G. series only lead
to two possible choices. If /'y ; = / the non-vanishing condition
of Fo.1) (¢f equation (48)) imposes /o = lpo= [ =1 and the
correlation path continues along the horizontal line i = 0
(case 1). If [, = I the non-vanishing condition of %y ) now
imposes 'y = [ 1 and the correlation path continues along
the vertical line j = 1: we then deal with a new correlation
path called case 3 and detailed below (see Figure 7).

In summary, in case 1, we have two types of correlation
path between sites (0,0) and (0,1): the bond is characterized
by I+1 (Fo,1)=fi+1,+1) or I=1 (Fo,1y= fi-1,-1). This situation is
similar for all the sites of line i = 0 i.e., between sites (0,1)
and (0,k'-1). As a result the corresponding contribution to the

. +
<SgoSpx > s (‘F'(O,O)/ Jix1m ) x

o
X(flil’,il/]]ﬂ (—,GJI)) . In addition, due to the integration

numerator of
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process which has swept all the in-bonds of the correlation
domain not involved in the correlation path we have /g =
I'xx = [ for all the horizontal and vertical bonds except for
those of vertical line j = &'.

Arriving at site (0,k') we have to determine /', ;- because /o
= ['op = [ due to the wing contribution and /y,_; =/ £1 due to
the non-vanishing condition of integral % -1y =f;+1,+1. That
of integral F ) gives I'y p =1 1 and Fouy= Fox-1)=fi+1141-
Then the work of integration is similar for the remaining sites
of the vertical line j = k' between sites (1,k') and (k—1,k"), with
for this later site [';\» = [/ 1. The corresponding contribution
to the numerator of < Sg .5 > is (fliuﬂ/]]il (—,G’J2 ))k .

If finally considering site (k,k") the integers ['ys, and [
have been already determined in the wing domain (/"4 4= li
= [) or along the correlation path (/= [ +1). Concerning in-

tegral F 'E"k,k,) an independent study similar to that achieved
at site (0,0) can be done. We have F 'Eﬁk,k) =F '%0,0) where the
integral fF'E‘rO’O) is given by equations (45)-(48). Here the uni-

que solutions are I'yp=1=*1, [ ;=1 (case 1) and 'y p =1, [
=1 %1 (case 2). The final contribution of all the sites to the
correlation path between sites (0,0) and (kL) is

((F'(tO,O) )2 (fltl,ltl/]ltl (_:B‘Il ))k (f}tl,ltl/‘ltl (_:sz ))k /fm,/ﬂ (Ca'

se 1).

In summary all the horizontal bonds of the correlation path
are characterized by ljx= [ *1 (0<K'<k'-1) between sites
(0,0) and (0,k'-1) on the one hand and all the vertical bonds
by I'yp = I+1 (1<K<k) between sites (0,k') and (k,k") on the
other one. All the bonds of the correlation domain not
involved in the correlation path are characterized by the
integer /.

(i1) Case 2 (see Figure 7)

Now we impose /o= I. The work is strictly similar but the
correlation path concerns the vertical bonds between sites
(0,0) and (k,0) for which I'yxy = [ *1 (1=K<k) and the
horizontal ones between sites (£,0) and (k,k') for which /; y=/
*1 (0=K'sk'-1).

(iii) Case 3 (see Figure 7)

This case is a mix of cases 1 and 2. At each current site
(i) belonging to the correlation domain we can have /;;= [
21, ly=lor l'yy=1%1, ;=1

Due to the fact that it is impossible to go backwards when
the integration process has been carried out any loop of the
correlation path is forbidden. In addition the expression of
the numerator of the spin-spin correlation is independent of
the bond orientation chosen for the integration process i.e.,
between sites (0,0) and (k,k") or vice versa.

We conclude that

(i) all the correlation paths contain the same number of
hori zontal and vertical bonds; as a result all these paths show
the same expression i.e., all the spin-spin correlations show a
unique expression, as expected for this kind of lattice;

(i) these correlation paths correspond to the shortest
Ppossi-
ble length through the bonds involved between sites (0,0) and

+k'
(k,k'"); their total number is simply n —{ i } ; thus there are

ni = n paths whose bonds are characterized by the integer
[+1 and n;-; = n paths showing bonds characterized by /-1;
they have the same weight wy.; = w,o; = nu/2n = 1/2 (I > 0).
In the particular case /=0w; =1, w,; =0.

Theorem 2

As loops are forbidden for all the correlation paths these
paths have the same length inside the correlation domain.
This length is the shortest possible one through the lattice
bonds between any couple of correlated sites. Each path
respectively involves the same number of horizontal and
vertical bonds as the horizontal and vertical sides of the
correlation rectangle, for a 2d-infinite square lattice.

As a result the spin-spin correlation <Sg .S ;> can be
written:

8N?2 4w
<8505 5= B0 3
’ ’ ZN(O) 1=0

x|:wl+1K12+l (Pl,l+1 )k' (Pz,1+1 )k + W Ky (Pl,l—l )k' (PZ,I—I )k} ,

k>0, k'>0,as N - +oo (49)

where wyy = wy; = 1/2 (I>0), w; =1 and w_; = 0 (/= 0) and
with

+o0
z = F A (B|J1|)/11 ([3|J2|) ,Zy(0) = ZtZ;WZ ,
1=0
Fy Jrsra Jrs1-1
K. = ~—| C —+Cp — |,
= Jrs11 ( i Fy ~ Fy j
P = Jiznis A (_BJI') i=12. (50)

F/,/ A (_BJi) ’

The integrals F;;and f.; s+, are given by equations (20) and
(48). In the previous equation the special notation it has
been defined after equation (29) but here it concernsl:fle new

l-eigenvalues P; ;. Finally, owing to equation (32), one can
express <8¢ .Sy 4 >

3.4. Properties of Spin-Spin Correlations

Due to the classical nature of spin momenta (cf equation
(6)), we have seen that the full lattice operator exp(-BH)
can be written as the product exp(-BH™")exp(-BH™")

where exp(-BH") and exp(-BH®") are the respective

operators of the set of horizontal and vertical lattice lines. As
a result each term of the /-summation giving Z,(0) i.e., each
l-eigenvalue, appears as the product of the corresponding
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eigenvalues A, (=BJ,, ) A, (=BJ, ). This property also exists

for the spin-spin correlation. Indeed, if examining the closed-
form expression given by equation (49), it can be written

1 & 4N?
<S8p0-8k i >= Z,(0) Zt Z z; X
N

=0 £=21
(51)

X< 800-Sk0 >14e< 800S0k Zre >

R
11}
1.0 | -
KM o B ﬂu.fu

0.9 —\“-'_‘17:"-‘": ---------
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1‘ ,/‘ fb“ I/fu
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Figure 8. Plots of the ratios R = fio11+1/Fii, fi-11-/F11 and fi+,,.1/F;; where
integrals fiigive (€ = 21, & = £1) are defined by equations (10), (20), (46)
and (48) as well quantities K;.; and K, given by equation (50).
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Figure 9. Plots OflOgm(kBTco/lJl), lOgm(kBTCO,Iﬂ/‘J‘) and lOgm(kBTCQ[f]/lJI),'
the crossover temperatures Tco, Tcowi and Tcoi are defined by the
transcendental equations (26) and (52), respectively.

. a .
with < SO,O'su,v >l+€:"3wl+€Kl+£ (Pi,l+€) , 1= 1, u= 0, V=
2
a=k;i=2,u=0d=k v=_0.The factor ZI4N 1Zy(0)=
z;‘N ? /Z zf'N : appears as the weight of the /-state.
7

When d = 1 (D = 2) there is no path characterized by /-1
and no /-summation (in the thermodynamic limit the /-series
is restricted to / = 0) so that equation (51) reduces to
<8,.8, >=<8,.8, ><8,,,.8; >. Inthe case d =2 (D = 3)
this property only concerns the [-current
<800-Sk0 Z1ve=  <S80,0850 e < Sur1,0-8k,0 rse
< s0,0~s0,k' Zpee= < s0,0~s0,v Zlee < sO,v+1~s0,k' >l+e Le., for

each [-state of the whole lattice.

term
and

As a result, if considering the susceptibility y = BG? x

XZZ < 8),0-S 4 > of a lattice composed of spin momenta
koK

showing the same Landé factor G, one can predict that it can

+o00
be put under the form Yy Dz ZZ;WZ)(HE, with X, =
1=0 £=%1
XEoxle where x/i. (respectively, x/., ) is the [
contribution to the susceptibility of the full horizontal
(respectively, vertical) lattice lines. The study of yis out of
the present article framework.

Now we have to examine the ratios P, and P; -y (i = 1,2)
defined by equation (50). For physical reasons we must have
|P; 1] < 1. In Figure 8 we have reported the various ratios of
integrals fri1 11/F 1, fi-1,-1/F 1y and fi -1/F; ;. We have fru 1/F,
> 1, butf_l,]_l/E]’l < 1,ﬁ+1’1_1/F1,] <1 as well as Kl+1 <1 and
K <l.

As a result, for a given relative temperature £J;| = |J;| /ksT
(i = 1,2), we always have Il3n(BJ)) < Lnin(BJ)), with
Sierm/Fry > 1, so that |P;s| < 1 or |Piuy| > 1 which has no
phy-sical meaning. Similarly we have I,-1,(8J)]) > I1.12(8J1),
with f;_; »1/F;; < 1, and we can deal with |P;,-| <1 or |P; ;4| >
1.

We proceed as for the thermal study of the current term of
the /-polynomial expansion of Zy(0) where we have defined a
crossover temperature 7¢o through equation (26) so that the

eigenvalue A, (,B|J,—|) is dominant within the range [ 7, .,
T,. ] and becomes subdominant outside this range.
Similarly, for studying the ratio A, (,6’|J |)//\1 (,8|J|)

appearing in |P; |, we impose max(|P; ;) = 1. As a result,
from equation (50) we respectively define two new crossover
temperatures 7o, 1 and Tco, -1 by

At (‘J‘ /kBTCO,Hl) _ £y A (‘J‘ /kBTCO,l—l) _ Fy
/]l (‘J‘ /kBTCO,I‘H) ﬁ+1,l+l Al (‘J‘ / kBTCO,l—l) f}—l,l—l

(52)

in the simplest case J = J; = J, without loss of generality. It
can be extended to the case J; # J,. As for equation (26) we
have numerically solved this transcendental equation.

We find that |Py| < 1 if T< Teorand [Py > 1 T >
Tco,-1 0n the one hand but [Py 2 1 if T< To 4 and [Py <1
if T > Tco+1 on the other one. Thus, this is the competition
between the smooth decreasing /-law of the ratio fi 1/F;; >
1 (see Figure 8) which tends towards unity when / — +oo
(i.e., when T tends to 7, = 0 K) and the 7-law of the ratio
Ai(BI)/A(BJ]) involved in |P,| which is responsible of
such a crossover. For |P.| the competition is between the
increasing /-law of the ratio f_;;/F;; <1 and the 7-law of
the ratio A (AJ)/A(BJ]) > 1.

Finally, owing to the numerical study reported in Figure 9,
we have Tco < Tcom < Tcos-1- As a result it becomes
possible to determine the new domains of thermal
predominance [7),, ., 7., ] of the eigenvalues |P,|. Their

detailed classification is out of the framework of the present
article. When / - +o i.e., as T approaches T, = 0 K, all the /-
eigenvalues become equivalent but a common limit can be
selected.
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3.5. Correlation Length

The correlation length can be derived owing to equation
(34). We have

12
+oo 2 ) )
> 'z |:(Nl)f+1 +le_1)+(le+1 +N1y—1)}

F=|= =Ja+e
> tZl4N2 [D1+1 +Dl—1:| '
1=0

as N - +oo (53)
with on condition that |13,/11 <1
IR |Py e
N +N)., =2D,, + ,
- . - (1 _|P1,1¢1 )2 (1 _|Pz,/¢1 )2
Dy = Kjy (1+|ﬁ’lil )(1+|Pz,1¢1|) : (54)
(1 _|ﬁ,l+1 )(1 _|Pz 11 )

z, Pie (i = 1,2) Kie and the integral Fj; appearing in z; are
respectively given by equations (50) and (20) in which /; = /;
=l m=0.Kye > lasl - +oo,

In equation (54), if considering the spin-spin correlation
between first-nearest neighbors derived from equation (49)

and setting <So.0501 21| = K11 (R e ’
‘< S6.0-St0 >21| = Kjs1|Bys1| » the [-contribution to the
spin-spin correlation is
‘<SS,0'S(§,1 >‘[ =f(K1+1 B | Ko |P1,1—1|)/2 for (1 > 0)

(‘< S6.0-S10 >‘l is derived from ‘< S6.0-S0.1 >‘[ by exchanging

1 against 2); the factor f = J/3 can be omitted in equation
(53). As a result we can write if [ —» +oo0

x x Nlr X X le
N+ N ipE— s Dpy + Dy =——,
(D)) Dy Dy Dy
v y o= N/ v y o= il
N1+1 +Nl—l - 13 x ’D1+1 +D1—1 Ty s (55)
(Di') D, DD}

with

X —1_ z z z z
Dy =1 2‘< S0.0-50.1 >‘1 +‘< S0.0-501 141

zZ Z
< 80.0-501 >1—1‘ ,

Y =1—= 4 4 z z
D =1 2‘<So,0~51,0 >‘1 +‘<So,0-51,0 214

<8505t >,_1‘ . (56)

It is not necessary to express N;' and N; because the

behavior of the correlation length & near 7, = 0K is
essentially ruled by its denominator. Due to its definition (cf

equations (32)-(34)) ‘< So.0-Sti >‘ can be replaced by
|< 80,08k 4 >| in equation (53). ¢ exactly shows the same

thermal crossovers as |< 800S0 >| Thus, in the

temperature range [7;<,7;>] where the /-eigenvalue of the
spin-spin correlation is dominant, we have as / — +o

: ___Nx,l : ~Ny,1 N = N/ N = N,y
1 ! ! !

TD[TI,Q Tl,>] .

(57)

Near T, = 0K, we have previously shown that / — +co.

Under these conditions |< S6.0-S0.1 >| =|< 80080, .| =1 and

|< S00-810 >| = |< 800510 21| =1 so that

& =N, 12(1-|< 80080, 2]) . &, =N, 12(1-]< 800810 7])

as/ - +oo. (58)

It means that the spin-spin correlation between first-
nearest neighbors plays a fundamental role near the critical
point. This is a hidden consequence of equation (51) itself
derived from the classical character of spin momenta (cf
equation (6)).

4. Low-temperature Behaviors
4.1. Preliminaries

For sake of simplicity we again reduce the study to the
simplest case J = J; = J, without loss of generality. We
examine the low-temperature behavior of the ratios
P; 11¢ involved in the spin-spin correlation (cf equations (49),
(50)), with here P; j.e = Pre (i = 1,2).

We first consider the ratio fe 1e/F;; (E=£1) where integrals
Fj;and fie e are respectively given by equation (48) with
£=¢& =0 for F;;. The [-behavior of each of these ratios has
been reported in Figure 8. fi +1/F;; > 1 and fiy 1/F;; < 1 but
Sis1e1/Fiy — 1 as [ +oo ie., near the critical temperature 7,
=0 K. Indeed, if expressing the spherical harmonics involved
in the definition of integral F;; given by equation (10) in
which m = 0, we have in the infinite /-limit [26]

1 (1—3jcos((zz+1)§—’—7j
J/sin @ 8/ 2 4

- 1 cos (2]+3)g—3—ﬂ +0i,
8/sin 8 2 4 12

as] » +oo, €< < -6 0<&'<<1/],0< ¢<27(59)

Yl,O (9,([)) =

and the exact asymptotic result:
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Juetse 1+0(i2j,s—i1,asz o 4o, (60)
F, /

Then, if taking into account equations (8) and (50), Py,
behaves as

g =
15 /
izl
~n|

4 [|z|+ V1422 ]
10 +
05
0.0 1 L 1

0.0 1.0 2.0 30

Ik T

Figure 10. Thermal variations of |{| given by equation (62), for various
values of lksT/|J| = 1/|z|.

Iy ( -BJ)
PIJ_rl ]l (—,BJ)

Intuitively, in the low-temperature limit, we must consider
the three cases fJ] >> [, 4J] Ol and fJ] << /. The behavior of

the Bessel function I, (—B|J |) in the double limit / — +oo

and fBJ] - +o has been established by Olver [27]. In
previous papers [24] we have extended this work to a large
order / (but not necessarily infinite) and to any real argument
[J] varying from a finite value to infinity. The study of the
Bessel differential equation in the large /-limit necessitates
the introduction of the dimensionless auxiliary variables:

AR o) e st

which corresponds to the following transform of the
argument of the Bessel function

, as T - 0(1 — +°0,J1 :Jz). (61)

J
Z:—_
1]

BlJ|=|l=|{|l.asT - T.=0K. (63)
Thus || plays the role of the inverse of an effective dimen-
sionless coupling near 7.. The correspondence with the
writing of Chakravarty et al. is || = £ [6]. The numerical
study of |{| is reported in Figure 10. We observe that there are
two branches. || vanishes for a numerical value of |zo|” very
close to 772 so that there are 3 domains which will be
physically interpreted in next subsection. Let 7, be the
corresponding temperature

==, (64)

In the formalism of renormalization group 7y is called a fixed
point. In the present 2d case we have [ — +co. We then derive
that 7, - 7., = 0 K as /[ — +oo so that the critical

temperarature can be seen as a non trivial fixed point. In
other words it means that all the thermodynamic functions
can be expanded as series of current term |T — Ty|near Ty= T,
= 0 K, in the infinite /-limit. Finally Figure 10 is nothing but
the low-temperature diagram of magnetic phases and |
defined by equation (62) gives the analytic expression of
branches.

For convenience, we introduce the dimensionless coupling
constant g at temperature T as well as its reduced value g :

k,

g measures the strength of spin fluctuations. g is a universal

g=—"r,8= (65)

’ﬂl'ﬂ

parameter and is /-independent. At the critical point 7o = T,
we have g = 1. Owing to equation (64) the critical coupling

g. can be written as:
kpT, n /g
g = fJ' ge =5 or gl = (66)
Chubukov et al. have found that, at the critical temperature
T., the critical coupling is g. = 4TWA where A = 277a is a rela-
tivistic cutoff parameter (a being the lattice spacing) [10].
Thus A~ appears as a length scale. Haldane has evaluated g
in the case of a classical spin lattice [11,12]. He proposed
gl = 2Jdals or equivalently g!' =24/ if referring to the
vertical rows or horizontal lines of the 2d-lattice charac-
terized by the same exchange energy J = J; = J,. In our case S
=1 so that if comparing both results for g,

2
gl =2a;g, Sl gN=4rm, n=""
A a

At this step the question is: how to relate the results given
by equations (66) and (67) i.e., g/ = 772 and g\ = 4117

In the first case g/ = 772 is obtained by a pure numerical
method because this is the zero of the function |{] = f(1/]z])
given by equation (62) with 1/|z| = gl. The second case g./\ =
477 supposes to take into account the volumic density of
g.. Ac-cording to Chubukov et al., for D = 3, g, is such as

gl= (2n)‘3jp‘2d3p (for D = 3) where P = (hk,hoYc) is the

relativistic momentum associated with the spin wave of wave
vector k and energy 7w. First we examine the problem of
volumic density. As we focus on the static aspect i.e., the
volume available to the spin momentum, the relativistic
momentum P/ reduces to § (in Z-unit). As a result the

extremity of the classical spin can sweep the surface of a
(D—-1)-dimensional sphere i.e., a d-sphere. Thus the ele-
mentary volume is d’S = 5,5 'dS where s,= 27£%/1(d)2) is
the surface of the d-sphere. If referring d“S per unit angle we
have d“S/(2 l'l)d = [sd/(Zn)d]Sd ~1dS. Finally we must take into
account the multiplicity of the spin 25 + 1 125 as § >> 1 so
that the final elementary volume per degree of multiplicity is
SRS’ ie., dVs = [s/22m%S*dS. Due to our con-
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ventional writing S varies between 0 and unity; the
integration gives Vs = s,/2(279°(d — 1) and

C Kd

L 2d-1)
g =V e KTl =
s ¢ {(2;7)‘1

-1
54 } =297 7121 (4 /2) - (68)

This is precisely the result derived by Chakravarty ef al. as
the mathematical solution of the recursion relations esta-
blished between g and ¢ = ||™" through a one-loop renorma-
lization process [6]. Thus g. = 0 when d = 1 as expected and
g.=4mwhend=2.

Second, for obtaining a relation between / and A, we must
also consider the volume of the lattice unit cell of spacing a.
For sake of simplicity we restrict to the case D = 3. In
equation (66) we introduce the density of exchange energy
VIS(S+1)/a* O J|S*a* = |J//a* as S = 1 in our conventional
writing. In the associated D-space-time (D = 3) the volume of
the phase space is V= Vsa® = a’/47T It means that the value
of g per phase space volume is g/ V,= (4 ad)g.

As a result g = g/ given by equation (66) becomes g =
(411a).IkgT/(J|/a®) — (47dla).ksT V| ie., g = 2INg. = g. N

as Ty - T.= 0 K so that the new scale is

2

®

a

a
*

N =2IN>>Nas [ - +oo; A =

/\*
2A="—"—=— (69
A (69)

a

Thus the l-index of the Bessel functions appears as the
ratio of two different scales of reference N and N,
respectively associated with the lattices of spacing a and a =
a2l <<a.

We introduce:

(i) the thermal de Broglie wavelength Apg;

(ii)) the low-temperature  spin
c=242)J|Sa/n
along the diagonal of the lattice of spacing a if J = J; =,

wave  celerity

with \/S(S +1) =1; if J; # J, the celerity components become
¢ :2|J,~|a/ h along the lattice horizontal lines (i = 1, x-

axis) or the vertical ones (i = 2, y-axis) and the propagation
axis shows the angle a with respect to the x-axis such as
tana = c)/c, = |LlJy;

(iii) the slab thickness L, of the D-space-time along the i 7-
axis (D =3):

hic

Apg =27L,, L, =kB—T. (70)
By definition we must have
Apg>>a (71)
i.e., A\ = 271a >> 2 Wpy or equivalently with A” = 2IA
A>>A>>L ! or A e A << L, (72)

Thus A™" (or A" appears as a short distance cutoff. No
such intrinsic cutoff exists for the imaginary variable 7. At
the critical point 7, = 0 K Apg — +oo (as well as L,) and spins

are strongly correlated. For T > T, Apg and L, become finite
and diminish as the spin-spin correlation magnitude when 7T
increases. The adequate tool for estimating this correlation
between any couple of spins is the correlation length & As a
result Apg (or L;) appears as the good unit length for
measuring ¢.

Under these conditions we generalize the application of the
cutoff parameter /. |z| defined by the second of equation (62)
can be rewritten if using equations (65) and (69)

LBl
-

, 2. =— , A\"=2IN (73)
4T

and, for a lattice such as J = J; = J,, |z*|/\* =|z|l =,6’|J|

finally appears as
LT

2ax/5

owing to the relation hc=2\/5|J| Sa (with S = 1). For a

general lattice such as J; # J, one can use the relation

2N =p|J| = (74)

hc, = 2|J ,-|Sa where ¢, is the spin-wave celerity along the
x- (u =x,i=1) or the y-axis (u = y, i = 2). As a result the
previous equation is slightly modified. Finally the ratio
N p= /\*kBT can be seen as a new temperature scale.

If examining equation (74) and noting that ,B|J | = |Z |/\ =
1IN near T, = 0 K (¢f equation (62) in the A- or in the A’
scale) with g: =2a\2 (along the diagonal of the lattice) we
can write 2aﬁ,6’|]| =g |{'IN =L, ie., with g = ¢'A"in
the A"-scale

gl N =LA (75)
LN = 2Applla = Apgla’ (cf equation (69)) is the
dimensionless slab thickness of the D-space-time (with D = d
+ 1) in the time-like direction. We retrieve the result found by
Chakravarty et al. i.e., g/t =g|{|= Bhc when establishing
the recursion relations between g and ¢ through a one-loop
renormalization process, thus allowing to analyze the equilib-
rium magnetic properties of the 2d-nonlinear / model [6].

The result given by equation (75) is universal near 7, so
that at the critical point we can  write
g./t, =gl |=hc/kgT,. Owing to equation (68) and the
fact that, when d = 2 (D = 3) |{,|diverges (¢, = 0) when g
tends to 7, = 0 K. The unique solution for ¢ is

4 _d-2
- 1_
to =1 = I

d

LK =2 7" d 12). (76)

Thus we again retrieve the result of Chakravarty et al. [6]. It
means that, when d > 2, . and |{,| become finite.
Finally, if considering the correlation length as a scaling

parameter near the critical point 7, = 0 K, its measure £ along
the diagonal of the lattice (if J = J; = J,) characterized by a
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spacing a (i.e., in the A-scale) is §\=¢ 2a\2 (or EAN=
a2 ) and &, = {L; along the slab thickness of the D-
space-time (i.e., the i7-axis), due to scale invariance. These
respective notations can be generalized to a lattice such as J,

# J, and for any renormalizable physical parameter. As a
result we have the dimensionless relations near 7, = 0 K

_ & & & _ L _
Za\/z

,6’|J|,J:J1:J2,

(u=xi=lu=yi=2),asT - T,=0. (77)

4.2. Low-temperature Behaviors of the Spin-Spin
Correlation < 8 (.S >

As previously seen (cf equations (49), (50)) the spin-spin
correlation is  expressed owing to the ratios
By, =A,(zl)/ A(zl)=1,(zl)/I,(zl) near the critical point

T. = 0 K. As the argument z/ is replaced by 2N itis easy to
show that, owing to the behavior of Bessel functions when

[+ (Nt00), A, () / A(2l) DA, (2" N) /A (2N) e,
P]ﬂDP *

A £1

]l O¢In

At first sight all these quantities seem to strongly depend
on A" whereas they must show a universal behavior near the
critical point. As a result scaling parameters i.e., parameters
which are A’-independent must be introduced so that the
spin-spin correlation as well as the correlation length are
scale-independent near 7, = 0 K, as expected.

Chakravarty et al. [6] have introduced the physical para-
meters O, and A defined as:

p.=l(1-2).0=J[(g-1).

11

as T - T, =0 (see Appendix 4.3). Simultaneously

(78)

In the 2d-case p, and A have the dimension of an energy
JS* (in our case J). o, is the spin stiffness of the ordered
ground state (Néel state for an antiferromagnet) and A is the
T=0-energy gap between the ground state and the first
excited state. In the framework of the classical spin
approximation the spectrum is quasi continuous. In our case
it means that A is very small.

At the critical point 7,= 0 K g = 1: p, and A vanish and,

near critically, we have o, << [J| and A << |J| where |J| finally
appears as the bare value of g, and A i.e., their value at 0 K.
For all the previous reasons we are then led to introduce the
following parameters:

A1 1 (1<T) ,Aﬂm[i_l] (T>T) (79
kT g g kgT g &

where the factor 4 /7appears in A for notational convenience.

As a result we can define the following scaling parameters:

_ kgT _kgT

X =—, 80
1 2Tl;03 X, A ( )

where the factor 2/7also appears for notational convenience.
As p, and A vanish at T, = T, x; and x, become infinite at this

fixed point. They are scaling parameters as well as |z°|/ z:

and |Z"|A" (see Appendix A4.2). From a physical point of
view and as noted by Chakravarty et al. [6] as well as by
Chubukov et al. [10], these parameters control the scaling
properties of the magnetic system.

There is an analytical continuity between x; and x, when
Ty = T.. As a result there are only 3 domains of
predominance: x; <<1 (T < T, and |{|/477<1-g, Zone 1)
ie., o >> kgT, x, <<1 (I'> T, and |{|/477< g — 1, Zone 2)
ie., A>> kT, finally x; >>1 (T < T, and (/477> 1- g,
Zone 3) i.e., py << kgTand x, >>1 (I'> T, and |{|/471>g - 1,
Zone 4) i.e., A << kgT. Along the line T=T, (g =1), we di-

rectly reach the Néel line (see Figure 11). Each of these
domains previously described corresponds to a particular
magnetic regime. The physical meaning of each regime can
be derived from the low-temperature study of the ratio

P/\*tl = /]/\*il(z N )//]/\*(Z N) vs x, or x,.

The first step consists in expressing |¢|A” appearing in
P, as ascaling parameter vs x; or x, (¢f equation (A.22)).
In Appendix 4.2 we have rigorously shown that

- ) exp(—1/x
[ IN = 2arcsmh(¥}, (Zones 1 and 3), (81)

exp(1/2x2)

rel’y =2arcsinh( 5

J , (Zones 2 and 4). (82)
The corresponding behaviors are reported in Figure 12.

The asymptotic expansions of [¢*|A" can then be derived for
the four zones of the magnetic diagram. We have

| g /an

Figure 11. Thermal variations of |{/47T vs g respectively defined by
equations (62) and (65) and domains of predominance vs dimensionless
parameters x; and x; defined by equation (80).
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Figure 12. Plot of |{|\" vs the scaling parameters x; and x; respectively
defined by equation (80)-(82).

1"\ =exp(=1/x),x << 1 (Zone 1); (83)

1IN = LN 2exp(=1/x,),x << 1 (Zone 2); (84)

X2
|(*|/\*=21n(1+*fj 2 L >>1 (Zone 3). (85)
\/_x1
| =2In (1 f] ! , X2 >> 1 (Zone 4). (86)
\/_xz

At the common frontier between Zones 3 and 4, when
directly reaching 7., x; and x, become infinite and the

respective expressions of |¢"|A” show the common limit:
=|A =21n [ */_] 0.962 424, X1 — +00, x; — +00.

87

The ratio @ =(1++/5)/2 is the golden mean. As a result,
starting from a closed expression of |{| given by equation
(62) we directly obtained for |¢"|A" the result of Chubukov
et al. derived from a renormalization technique and called

Xi(x;), i=1,2[10].

Consequently, in a second step, the ratio
Py = /\ +1(z A )//1 (z A ) can be expressed vs x; or x,
near 7, = 0 K as well as the spin-spin correlation

<S800-Skp >= 3<800-Si > (¢f equations (32) and (49)).

This work is detailed in Appendix A.3 where it appears that,
for physical reasons explained at the end of this appendix,

P,., must be renormalized (see Appendix A4.4).

If P;

» , with the

is the renormalized expression of P,.

condition P/\Jr1 > 1lasT - T,=0K,

renormalized spin-spin correlation can be written as the fol-
lowing asymptotic limit

the low-temperature

~~ ~~

LT sk k+k
< So0Sin > =<So0Sii > E[PAH +BE 4] as

with the correspondence ,6’|J| |z A" |z|/\(/\ al\’). The

low-temperature expressions of P;, are given by equation

Al
(A.25) for the zones 1 to 4 of the magnetic phase diagram.
We have shown in Appendix 4.4 that the key renormalized
spin-spin  correlation between first-nearest neighbors

~

< 80,0-Sp; > can be put under the following form if J = J, =

J2
< 80,0801 >=<8p 0801 >3 =
Ir- - J dinA; (FIA)
~“lp +p =-— AT asT -0 (89
2[ P+ 7| d@En ®)

where A} (Z/A) is the dominant eigenvalue in the infinite A-
limit or equivalently

~~

J
< 8.8y >= —m[l - f(x)+...],as T - 0, (90)
with

70 = A1) e [, =1 zone 1<
D,

f(x) =‘ZQ‘A2 =|Z*|/\*, Zone 2 (x, << 1),
f(x3) =‘Zg‘/~\3 = |Z*|/\* , Zone 3 (x; >>1), Zone 4 (x, >>1),

as T - 0, ©n

due to the fact that |¢"|A” is a scaling parameter given by
equations (83)-(86) and where A,,A,and A, are defined in
equation (A.25).
Thus, in Zone 1 (x; << 1), ix;) - 0 as T - 0 and
|< 80,050, >| — 1. In Zone 2 (x, << 1), due to equations
(84) [62[ Ay = x|¢7| A" =
, fly) - 1 as T - 0 and

|< S0.0-S01 >|= xyexp(-1/x,) - 0. We tend towards an

(A.25) and
1+2x, exp(-1/x,) - 1

assembly of noncorrelated spins. In Zones 3 (x; >> 1) and 4
(x;>>1) |< 80,0801 >| — 1 asin Zone 1. As a result this is

the low-temperature behavior of the correlation length &
which is going to allow the characterization of the magnetic
order nature.

4.3. Low-temperature Behaviors of the Correlation Length

If using the expression of the correlation length given by
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equation (53) as well as the scale invariance property near 7,
= 0 K given by equation (77) the measure & of & and &; is
such as

i=13,asT - 0 92)

where «a is the lattice spacing as well as a'=a/2l; |{|A" is
defined by equations (81) and (82). It means that we can
immediately derive the low-temperature correlation length &

Recalling that x; = kg7/2 70, where g, is the spin stiffness,
the lattice spacing a is such as a = he/2lJ] with p, =|J| as g
= T/T. vanishes with T near T, = 0 K. For a lattice of spacing

a we finally derive in Zone 1 owing to equations (91) and
(92):

¢, :% he exp(?_fps J(1+ kT J,xl <<1(Zone 1),as T

27, ke, T 4710,

S

-0 (93)

We exactly retrieve the result first obtained by Hasenfratz
and Niedermayer [15] and confirmed by Chubukov et al.
[10]. This characterizes the Renormalized Classical Regime
(RCR) for which p, >> kpT: the divergence of &describes a
long-range order when T approaches 7, = 0 K. Spins are
aligned (J < 0) or antialigned (J > 0) inside quasi rigid quasi
independent Kadanoff square blocks of side &if J=J; = J,.

In Zone 2 (x, << 1) where x, = kgT/A we have owing to
equations (91) and (92):

& = % , X << 1 (Zone 2),as T — 0.(94)

We deal with the Quantum Disordered Regime (QDR) cha-
racterized by A >> kgT. Owing to equation (80) we have A =
kgT/x, so that &= L, << L;as x, << 1. Equivalently, due to

the fact that Ly=hic / kgT and a = hic/2|J] we have & = 2ax,

<<2a: we then pass from no 7=0-order to a short-range
order when T increases. The magnetic structure is made of
spin dimers or aggregates of spin dimers organized in Kada-
noff blocks of small size &; that we can assimilate to blobs
weakly interacting between each others. We deal with a spin
fluid. The detailed study is out of the framework of the
present article. From a formal point of view it is often phra-
sed in term of Resonating Valence Bonds (RVB) between
pairs of quantum spins (considered here in the classical spin
approximation) [29,30]. In Zones 3 (x; >>1) and 4 (x, >> 1)
we have

S h 2
gzz. =C lk—;(l'l'ﬁj,xl >> 1 (Zone 3),
B xl

~ e

£ _ 1
d kBT C\/gxz

J,xz >>1 (Zone 4)as T — 0 (95)

where C is given by equation (87). We now deal with the
Quantum Critical Regime (QCR). In Zone 3 we have p, <<
kgT whereas in Zone 4 A<<kgT. The divergence of
&describes a medium-range order when T approaches T, = 0
K. Spins are aligned (J < 0) or antialigned (J > 0) inside quasi
rigid quasi independent Kadanoff square blocks of side if J
=J, = J,. But, if comparing with the Renormalized Classical
Regime (RCR) and the Quantum Disordered one (QDR), we
have &opr < éqcr < érer (¢f Figure 14). Thus Kadanoft blocks
show a smaller size when passing from Zone 1 to Zone 2
through Zones 3 and 4.

As a result each behavior of the correlation length charac-
terizes a magnetic regime. All the predominance domains of
these regimes are summarized in Figure 13.

| g an

1.0

0.5
Neel
line .

0.0

0.0

Figure 13. Magnetic regime for each domain of predominance of |{/41Tvs
g respectively defined by equations (62) and (65); the abbreviations stand
for Renormalized Classical (RC), Quantum Critical (QC) and Quantum
Disordered (QD) regimes.

At the frontier between Zones 3 (o, << kg7) and 4
(A <<kgT) i.e., along the vertical line reaching the Néel line
at T,, x; and x, become infinite so that:

fic
=C'—,T=T.
< kT

B

(96)

ie., & =L;as C"is close to unity, as predicted by the renor-
malization group analysis [6,10]. As &, diverges according to

a T"'-law the critical exponent is:

v=1 97)
in the D-space-time. The low-temperature behaviors of &
have been reported in Figure 14.

Owing to previous results the correlation length can also
be written as

1

{xz ~~

1-|< 85080, >|

,as T - 0, (98)

~~
where (<S8, ,.5,, >| is the renormalized spin-spin correlation

between first-nearest neighbors (0,0) and (0,1) as J=J; =/,
expressed near 7. =0 K. We retrieve the result predicted
in:
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Figure 14. Low-temperature behaviors of the correlation length & =&g#2a =

&/L; where a is the lattice spacing; L. the slab thickness and ||\ are
defined by equations (70), (81) and (82).

equation (58). If using the expression of |<.§ (.5, >| given

by equation (89) the correlation length & can also be
expressed as

N S
| dinh; (ZA)
d(|ZIN)

Ex:Ey: :J1:J2,asT—>O,

¢ =<§J5. (99)

When J; # J, a similar expression can be derived for & and &,
with here & # & and &=./& + E; ; in equation (98)

~~ ~~

<8508, > is replaced by [<S00.8,> in & and

ZIA = BJ| becomes [5|A = BJ,],i=1.2.

This result is exclusively valid for 2d magnetic systems
characterized by isotropic couplings because the correlation
function reduces to the spin-spin correlation.

As a result it becomes possible to characterize the nature
of magnetic ordering owing to the 7-decreasing law derived
from equation (98)

~~

<800S0, 2= f(1)=1=&D) ,as T~ 0 (100)
where u recalls the nature of the magnetic regime: u = RCR
(Zone 1), QCR (Zones 3 and 4) and QDR (Zone 2). As
previously seen we have &opr < ocr < érer SO that
foor (T) < focr (T) < frer (T)-asT — 0. (101)
Thus, in Zone 1 (Renormalized Classical Regime), we
have a strong long range order in the critical domain whereas
in Zones 3 and 4 (Quantum Critical Regime) the magnitude
of magnetic order is less strong. In Zone 2 (Quantum
Disordered Regime) we deal with a very short magnitude
characteristic of a spin fluid.

5. Conclusion

In this paper, if restricting the study of the two-dimen-
sional Heisenberg square lattice composed of classical spins
to the physical case of the thermodynamic limit, we have
obtained the exact closed-form expression of the zero-field
partition function Zy(0) valid for any temperature.

The thermal study of the basic /-term of Zy(0) has allowed
to point out a new phenomenon: thermal crossovers between
two consecutive eigenvalues. When 7 - 0, / — +o0. As a
result all the successive dominant eigenvalues become
equivalent so that 7,= 0 K.

In addition we have exactly retrieved the low-temperature
diagram of magnetic phases already obtained through a
renormalization group approach [6,10].

If using a similar method employed for expressing Zx(0)
we have derived an exact expression for the spin-spin
correlations and the correlation length & valid for any
temperature.

The 7=0-limit of & shows the same expression as the
corresponding one obtained through a renormalization
process but exclusively valid near the critical point T, = 0 K,
for each low-temperature regime, with the good critical
exponent V = 1, thus validating the closed-form expressions
obtained for Zy(0), the spin-spin correlations and the
correlation length, respectively.

Appendix

A.1 Expression of the zero-field partition function in the
thermodynamic limit

For T >0 K, between two consecutive crossover tempera-
tures 7, _ and 7, ., we have shown in the main text that, in

the thermodynamic limit (N - +o), Z(0) can be written as
2y (0) =™ [u O] {14501} with ST
SI(N,T) + SH(N,T) (cf equations (27) and (28)). upmax is the
dominant eigenvalue in [T, <>T; 51 according to equation
(23).

Due to the numerical property of u, () and u (T) (4

# 1)), a classification in the decreasing modulus order can be
globally written so that S(V,T) has the form

S(N,T) :Z X, (N,T),0<X(N,T) <1, (A.1)
k=0

with Xi(N,T) > Xo(N,T) > ... > Xo(N,T).
Now we artificially share the infinite series S(N,7) into two
parts:

S(N,T) =S¢ (N,T)+ 5, (N,7),TO[T, .., T, .1, (A.2)

k; +00
with SP(N.T)=D X,(N.T), SE(N,T) =D X, (N,T) .
= =

The series S,S (N,T) and S,S (N,T) are the beginning and
the end of S(V,T), respectively.
We have the natural inequalities S,? (N,T) < S(N,T) and
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S,S (N, T)< S(N,T). As we deal with an infinite (absolutely

convergent) series made of positive vanishing current terms
Xiy(N,T) <1 it is always possible to find a particular value k;=
ky of the general index £ such as:

Se(N.T)= Sg(N.T)= = SN.T) = £, 0 < e<1.

TOLT, <. T, 1. (A3)

If increasing N >> 1 of n > 0 we automatically have
SE(N+nT)< SE(N,T) = § K =B, E 70[7,.7,.]

(A.4)
because the inequality 0 < Xy(N,7) < 1 imposes O
< Xy (N+nT) < Xi(N,T) <1. Finally, if calling S(N+n,T) the

sum Sp (N +n,T) +S; (N +n,T) we have S(N+aT) < S(N,T)

=&TU[T .,T, ] As aresult we derive

S(NaT) :Sl(NaT) +S2(N5D - Oa as N - +oo >
for TO[T, .. T} .1, (A5)

2
and due to equation (27) Zy (0) = 4mtY ’ [umax (T )TN , as
N — +oo, forany TU[T, _,T, . ]

This reasoning can be repeated for each new range of
temperature [7; _,7; . ], withj # i.

In addition, for any predominance range [7 _, 7,

>0 ,>

], if
comparing the current terms |u1’,7,’,[T)| =F(l,l,0)/1,(,B|Jl|)><

<A B and Ju,, (T |= F1,mA Bl DABID of
S1(N,T) and S,(N,T) given by equation (28), it is always pos-
sible to find [ , (T) >‘u1[,,j (T)‘ for /,= I< I, (¢f Figure 5).

Consequently, if summing these terms over all the ranges

Imax

[ T,<. 7,51 so that T=Y(G,.~T, ) . T, =0 ,
i=0
T, >=T < (i#0)and T,imx’> =T we always have

oo 4N?
S(N.T)= Y [””—(T)} >>S,(N,T) =

ma:

N N +00 +00
nn sy o
b
i==(N-1) j==(N-1) L=0 [=0%#  Umax

as N - +oo (A.6)
due to the fact that 1> Juy ; (T)/ ttay| >> 1y, (T)/ thyax |

> (. As a result

2y (0)= (™ Y[R (80)4 (-8)]

=0

as N - +oo. (A7)

A.2 Calculation of ||\ near the critical point

In the thermodynamic limit each expression of the thermo-
dynamic functions involves ratios of Bessel functions
I\Hz'AY. These functions have to be evaluated in the double
limit BJ] = |Z'|A"~ +oo, A" — +oo. In that case Olver has
shown [27] that the argument BJ] = |z |A” must be replaced
by ||\ where

o J 5 12"] . _BJ
=—|41 In| ——~—— =—_.(A8
14 |J|{\/ +z +n(1+ Tt H’Z N (A8)

At the fixed point z: =1/4m we exactly have |{ *| = 0. Near
this critical point (see Figure 10),

V1+z72 =|1n(|z*|/[1+\/1+z*2])| for any Zone 1 to 4. As a

result equation (A.8) reduces to |{ *| = |1n(|z*|_1 +y1+z 2 )l
or equivalently || = [arcsinh(lz"[ ") as |z7| - z,.

Near z, =1/4s, for T< T, or T >T,, equation (A.8) can
also be written |In( |z*| /2)| which depends on A". As the ratio
z'|/ z =T, /T is independent of A" >> 1 a scaling form of
N can be  |CAT=2In(z" /22N %) or
21n(|22: /Z*|A*/2) , as |z - z: . Due to the previous
remarks we must have

I"IA" = 2aresinh(z” /221N 2) or
A" = 2aresinh(2z1 /2N 12) , as || - 2. (A9)

If |¢°IN" is a scaling parameter we must show that
")/ Z: )A* or (Z: Iz |)A* is A\’- independent. In Zones 1 (x
<<1)and 3 (x; >> 1), |Z*| >z: so that, from the definition of
pOs (cf equation (79)), we have /\*(|z*|—z:): P kgT . In
Zones 2 (x; << 1)and 4 (x, >> 1) |z*\ < z: . We similarly have

from the definition of A /\*(z: -2 h=A/ 47kgT . If intro-
ducing x; and x, given by equation (80):

* *
- * 2z ® 0 % k. _ Z, 1
Nz 1mz) =— Nz Tz D=5z = (A10)
2

X

Using the well-known relation (1%u/ /\*)A* =exp(xu), as

A" = +oo, we derive from equation (A.10) that, near z:

N .
|z _ 1) |z]_ 2

¥ =CXp| |, = TXp| —= |»
zZ, X ) zg x\
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2] " 1] *I 1

Z z

= =exp| ——— |, =ex —|. (A1])
{Zc] p( 2x2] Zc p[ XN\ ]

. . * BN
As x; and x, are scaling parameters the ratios (|z |/ z, &
* NN .
and (z,/|z |)A are themselves scaling parameters as well as
|¢*|A" given by equation (A.9).

Due to the behavior of [¢°|A" (cf Figure 12), if ‘z‘ >z (T

< T.) |{ |\ decreases with ‘Z*‘ as ‘z*‘ - z, like the ratio

ENCHAEE

=exp(—1/x); i

* %k * *
\<zc (T'>T) |Z°A
decreases  when ‘Z*‘ increases like  the  ratio

*RNAT2
(zo/]z D™ "7 =exp(l/2x,).

As a result, if taking into account these remarks for the
previous equations, we can write

exp(—l/xl)

1IN = 2arcsinh[ 7

J (Zonmes 1, 3),

- . exp(l/2x
| IN =2arcs1nh[¥} (Zones 2, 4). (A.12)

The various asymptotic expansions of |¢ |A" are given in
the main text.

A.3 Asymptotic expansions of modified Bessel functions
of the first kind of large order; application to the low-
temperature spin-spin correlations

The expression of spin-spin correlations involves ratios
such as A, (z])/ A(zl) ie., I,(zl)/1,(z]) where I(z]) is
the Bessel function of the first kind, with z = —3J/L.

In the main text, we have seen that, near 7, = 0 K, / must
be replaced by A* = 2IA and more generally by any new scale
N = al, as | - + o, with the imposed condition

|Z|l =IZ'I\" = IZ|N\' = ,6’|J| . We then
A=) = A7 IA) = A,(21N) When [ - + o
Azl = A (2 IN) = A (|2)\) . As a result we can write in
the new A\'-scale

have

A (el AN A (EIN)
Azl A (21N AN
ZIA' - + o0 (A.13)

with a similar relation if / + 1 is replaced by / — 1.
Then, if using equations (8) and (50) the recurrence

relations between /. CEOR I, +l(|z N, 1 A 1(|Z*|A*)

and the condition |z*|"! >> (2]z"|A") ™! as A" - +oo, we have

A GENY a1 IeETN)
LSRR A [
N1~ ANy T (NN
e w dL(ZIN)
I . (ZIN)=—2———— (A.14
(21N TN (A.14)

Due to the polynomial structure of the spin-spin corre-
lation <8 .8y >=3 <87 .5; 4 > detailed in the main

text (cf equation (49)), we have the asymptotic behavior as T
- T. =0 K (cf'equation (88))

( /\) Yol (Z'A) o

z * zZ

< 80,0k >:_3 —A - A
1. (2"N\) Lo (2'N\)

>

as |Z'|\" - + 0. (A.15)

In Zone 1 exclusively, we have |z'|= z: exp(2/ xlA*) (cf

-1

equation (A.11)) so that |z*|_1 << z: except if |z*| is close

to z: but, for Zones 2, 3 and 4, |z*|_1 = z:_l . As aresult

K
J J

Zone 1 (x; <<1), |z*|>> Z: ;

K| k2] | w o |2V
J K 1 I .
<8,0.8. . >=3 a—
0,00 kk ( |J|J Z.: (2\;] /' K-2v IA*(z/\)‘

>

« % |K
[A*(Z/\) ’
<SO0Skk!> 3 ,K:k+k,

]/\*(z N)

Zone 1 (x; <<'1), Zone 2 (x, << 1),
Zone 3 (x; >> 1), Zone 4 (x, >> 1),

asT - 0, |0z, ,(A.16)

where | K /2| is the floor function which gives the integer
part of K/2.

Olver has shown [27] that the Bessel function /- (|z*|/\*)
as well as [',- (|Z*|/\*) can be expanded as the following

series in the double infinite-limit A" — +c0 and |z |A" - +o0

Le(IN)) (1+2°2)714
Io('INY ] 2m (a2
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U, (u")

o )J+exp( I )Z{

U, (u*)]
Ve(u')

x{exp(| A" )Z{ ]

L (A17)

where |[C7|A" s

* *

=1/V1+27 with |z |=BlJ|/A
Uy( u*) and Vy( u*) which are u*-polynomials are detailed in
[27,28].

Introducing the previous series in the ratios appearing in
equation (A.16) we have

given by equation (A.12) and

The coefficients

I(IN) 1
)

x[l—exp(—ZZ*|/\*)[1+V_(u:)

V@)
ulz 1+ U, (u")

+1+U—(”:)J+...]
1+U,(u)

as T — 0 where each u'-series of equation (A.17) has been
written X, =1+ X, (u*j with X, = U, or V. and Xi(u*) =

1+V,(u)
(A.18)

+00
DX @) @A)
s=1

Near 7. = 0 K exclusively, as [{"|A" is a scaling
parameter, we can then define a new scale A" such as
AN =TT de, AT = 2AT as AT L 4w,
|Z*'|/\*’=|Z*|/\* has been calculated near z:’ =1/4m in

Appendix A4.2; the corresponding asymptotic expansions are
given in the main text (cf'equations (83)-(86)).
The u"-argument of series terms U.(u") and V.(u") become

u" and the corresponding series U.(u™") and Vi(u™"). Similarly
" becomes z" but z, =z, =1/47. These series have been

calculated at z:' in a previous paper [24,31]. We have found

' \2
=12
2 b

A detailed study shows that equation (A.18) must be used
exclusively for Zone 1. For Zones 2, 3 and 4 it is just
necessary to expand the series of equation (A.18). We have

U ()
V(2D

U-z)|_1
V()

1 Ua(z2)
eV+(Z)

.(A.19)

I (A"
A*(|Z| )~ 11

P N EA—
IA*V(|Z N) wulz| |z IN

_Zexp(—|Z*'|/\*') *,1 = *,1 —+.|,a7 - 0.
ulz | 2z |A

(A.20)

For Zone 1 (x; << 1), we derive from equation (A.10) that

WUAT DU T AT DOxy/2 25 . For Zone 2 (v, << 1) 2] <<

z:' =1/47 and ¥"/A" Ox,. In Zones 3 (x; >>1) and 4 (x,
>> 1), the current term »"/A" 0 LA™ vanishes as A" — oo,

We skip the intermediate steps which show no difficulties
and give the final results as 7 — 0:

I' a2
A =l—%exp(—l/x1)[l—ﬁ)+...,(X1 <1,
IA*.(Z N) ez 2

C

I' 1 *l
| ! [1+x2 x2|Z* N +..},(x2 << 1),
‘1 (N )‘
(A21)
I . *'/\*' . -c L
L =%(2(1+C)e’c —1){1—26—C|(" A" +}
LGN 2 2(1+C)e -1

(x1, X2 >>1).

Under these conditions, if taking into account all the
previous results and remarks, we can write the low-tempe-
rature spin-spin correlation as 7 — 0

3[ k+k | pk+k! }
<8,0.8., >=—| P +P " +..|,
0,0k k! 2[ AN+ A -l
/1 v (Z /\ )
p, =M=
N *.(z N )
A
J—— 1—8—”|("'|/\*'(1—ﬁj+... ,Zone 1 (x, << 1),
A" 21 |J| e 2
J 1 %' %!
P, = [erz+l+x2 x|{ N +..],ZOHE:2(X2
A+l |J| x2Z
<<1),
P =—i%(2(1+C)e_C-l) i;_c"'l
a2 21+C)e € -
-c
N
2(1+C)e € -1

Zone 3 (x; >>1), Zone 4 (x, >>1),as T - 0, (A.22)
where the scaling parameter |{ *’|/\*‘ =|{ *|/\* is respectively
given by equations (83)-(86). In Zones 1 and 3 |Z*‘|/\*‘< 1

near 7, = 0 K. In Zones 2 and 4 |Z*'|/\*' > 1 (see Figure 12).
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does not tend to unity

+1

We note that except for Zone 1 P
A

due to the technique used for establishing the low-
temperature expansions of the various Bessel functions [27].
As pointed out by Olver [27] these expressions are defined
within a numerical factor. As they are expressed with scaling
parameters it becomes possible to renormalize them near 7.

A.4 Renormalized expressions of the low-temperature spin-
spin correlations

We finally focus on the renormalization of the low-
temperature spin-spin correlations near 7. = 0 K. We define a

new scale A such as BJ| SR =|Z|A with A=an".
Owing to the multiplication theorem of the functions
I.(ax) for finite x > 0, a> 0, we have
I «(ax)= al I A+ (%) at first order due to the A"-infinite
[28]. As a

P. =1, (@' NI @ NY=1 . GA)Y/I .(GA)
N+l N+l A N+l A

limit result

=al , (z*'/\*')/l *.(z*'/\*'). In the infinite A" and A -
A+ A

limits and due to equation (A.13) we finally have

P, =aP ., .P. i.e., with the

P, can be expressed as P
N +1 A -1 N+l

A+l
ratio |I'.(="A")/T_,(z"A")| characterized by the factor
A

K 2. ) (¢f equations (A.21) and (A.22)).

As a result the dilation factor a for P, is such as

JANESt
Ka =la=—Fe—="C A =a\" (A23)
ulz | K14z K

In the main text we have seen that the spin-spin correlation
<8000, > plays a major role. We must have

|< 80,0801 >| =1 at 7, = 0 K. Thus the renormalization of

the first of equation (A.22) finally imposes to have P, - 1.

Owing to equations (8) and (A.14) we can define the
renormalized spin-spin correlation < S ,.8,, > as

= Irs .5 J I'R(EIR)
<Sp0Soy >=—| P, t P *.. :__/\—NN:
O 2[ AL J 7] 7; (EIA)
dinA; (/A
—i¢ ,as T — 0(A.24)
I d(Eny
where Aj; (Z/A) is the dominant eigenvalue (in the limit A

—+00). In the limit 7 - 0, as x; and x, are scaling
parameters, we have

~ J 8m 5« X, - .
Bin = _m{l_?|51|/\1(1_71]+~} ,ar=1/3, A =",

Zone 1 (x; << 1),
%! - o
0y =2, 13,8, =507,

Zone 2 (x; << 1),

J 1
+

Al :_m ‘mﬂ_‘é‘/\fh" ’

%'

Z, ~

c _6eCa,

3 ¥

- 32(1+C)e € -1’ -

a; A,

C

Zone 3 (x; >>1), Zone 4 (x, >> 1) (A.25)

where C is given by equation (87) and 6e_Ca'3 / z:' = 1.530
440.
Near 7. = 0 K the key renormalized spin-spin correlation

~

< 8p,080, > given by equation (A.24) can also be written

<S8p 080 >= ‘ﬁ[l-f(xi) +...].as T - 0, (A.26)
S () =8—7T\Z~1\/~\1 [l—ﬁj ,Zone 1 (x; << 1),
e 2

f(x) :‘Zz‘i\z s Zone 2 (x; <<1);
fxy) = ‘23‘7\3 , Zone 3 (x; >>1), Zone 4 (x, >>1) (A.27)

with |Z,[A, ="\ =[N for Zone i (i = 1 to 3) as

|¢"|A"is a scaling parameter near T,.
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